58

Bull. Chem. Soc. Jpn. Vol. 84, No. 1, 58—-69 (2011)

Derivation of Equations Describing Distance Solute Oscillation
of Induced Solvent Polarization

Pei-Kun Yang

Department of Biomedical Engineering, [-SHOU University, Kaohsiung 840, Taiwan

Received July 6, 2010; E-mail: peikun@isu.edu.tw

The dielectric polarization P is the key factor for computing electromagnetic interactions between charged particles
in materials in classical electrodynamics, and for computing hydration free energy of biomolecules in the field of physical
chemistry. Near-solute P dominates electric contributions to the solute from polarized solvent media and oscillates with
decay according to the distance to the solute. This oscillating decay is observed in molecular dynamics simulations and
cannot be reproduced from Gauss’s law of Maxwell’s equations. In the present paper, P was decomposed into the electric
dipole moment p and the solvent density p. Equations and an approximate analytical solution capturing the oscillating
decay of p were derived for a spherical solute. The equations can be used to understand physically why p oscillates
according to the distance to the solute. The approximate analytical solution can identify factors, such as the solvent
molecular radius Ry and the solvent molecular electric susceptibility x$, changing the amplitude and the oscillation period
of p. In addition, the approximate analytical solution of p is similar to the solution of a spring system with harmonic
damping. However, the equation describing p uses a first-order integral equation and thus differs from the equation
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describing a spring system which uses a second-order differential equation.

Among the four fundamental types of interactions—strong,
weak, gravitation, and electromagnetic—electromagnetic inter-
actions dominate in molecular solutes, such as protein—protein/
ligand/DNA interactions. Coulomb’s law provides the means
to calculate the electric interaction energy or force between
two charged particles.!> Numerous polarized molecules exist
in dielectric material, and to treat them as sources to evaluate
electric interactions is almost impossible. Maxwell treats the
electric effect of discrete polarized molecules as a space
continuum distribution where the induced dielectric polar-
ization Pypaywen 1S the electric dipole moment averaged in a
macroscopic region proportional to the electric field Enfaxwen. ">
Enraxwen can be computed using the source charge and the
induced Ppyraxwell- Both Pyiaxwen and Enpaxwen can then be solved
from these simultaneous equations by the given source
charge.!?

The development of molecular biology> and nanotechnol-
ogy® led to general concerns regarding the treatment of electric
interactions among molecular solutes in solvent media. Water is
the most abundant solvent on earth, without which life as we
know it would not be possible.” Electric interactions between
two charged particles in water media are reduced compared
with interactions in a vacuum environment, because water
solvent molecules have large permanent dipole moments and
can rotate. When rj, separates two charged particles in
dielectric media with charged states Q; and Q,, then the
components from particle 1 and from polarized solvent
molecules can partition the electric force acting on particle 2.
The first component is Fj = Q10ar12/47r12°, where & is the
permittivity of free space and ry; is the vector from particle 1
to particle 2.'* To compute the second component FE, the
induced solvent dielectric polarization P has to be estimated.

Gauss’s law of Maxwell’s equations, V - D = p,'? provides an
approximate way to estimate P. For a charged particle with the
charged state Q; immersed in material with a dielectric constant
&, P is Pyaxwen = O1(1 — 1/&)r/47r, where r is the distance
to particle 1. Thus, the second component is F4 ™MVl
—010:(1 — 1/&)r3/47E0r15>. The net force on particle 2 is

then Fy = 0,0r12/47808,r15°, which is the sum of F; and
FP,Maxwell 1,2
) .

Taking a water solvent with a dielectric constant &, = 80 as
an example, the second component cancels 79/80 of the force
from the first component, leaving only 1/80 of the force from
particle 1 and 2/80 with a 1% computing error for F’;. The
computing error doubles the F, error. Therefore, it is crucial to
estimate the induced dielectric polarization P accurately for
computing electric interactions between two charged particles
in water.

P is useful for computing electric interactions between two
charged particles in dielectric material, magnetic interactions, '
and the charging hydration free energy of a solute.’'> For
magnetic interactions, Ampere’s law of Maxwell’s equations,
V x H=J+ 0(&yE + P)/0t, determines the relation between
the magnetic field and the time-dependent dielectric polar-
ization P2 The P is a major component to estimate the
protein—protein/ligand binding affinity, which is useful for
protein function studies*’ and computer-aided drug design.!3-13
In 1920, Born!® derived the charging hydration free energy
AGH¢ by charging up ®(g), the electrostatic potential at
a solute due to the polarized solvent molecules, i.e.,
AGH = fOQ ®d(q)dg. P(gq) was estimated considering a
spherical ion of radius Rp,n and charge Q immersed in a
solvent with a dielectric constant &, The ion polarizes the
solvent and generates an induced dielectric polarization
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Pyiaxwen = O(1 — 1/&,)r/47r, which contributes —g(1 — 1/
£,)/(4EWRBom) to the electrostatic potential at the ion with
radius Rpom. The free energy obtained from the transfer of an
ion from vacuum to a medium is AGgom = —1660%(1 — 1/¢,)/
RB0m~

The induced solvent dielectric polarization effect signifi-
cantly affects in numerous applications, such as computing
electric interactions between charged particles in dielectric
material, magnetic field, and charging hydration free energy of
solute. Therefore, several methods including molecular dy-
namics (MD) simulations,'”!® Monte Carlo simulations,!®2!
integral equations,??2° and continuum dielectric methods®!'"-?’
were developed to compute the induced solvent dielectric
polarization effect. Gauss’s law of Maxwell’s equations is the
conventional way to compute the induced solvent dielectric
polarization P, which is then used to calculate the electric field
contributed from polarized solvents or the charging hydration
free energy.'” One of the advantages of Gauss’s law of
Maxwell’s equations is that it provides analytical solutions for
special cases and that it provides a physical sense to understand
factors affecting the induced solvent dielectric polarization P
and thus the charging hydration free energy.!* The induced
solvent dielectric polarization P, defined as the average dipole
moment over a microscopic region for a period of time, has a
large peak in the near solute region and oscillates with decay
depending on the distance to the solute observed in MD
simulations. Gauss’s law of Maxwell’s equation, Pyaxwell
cannot obtain such an oscillation (Figure 1).® Although the
structural solvent can be observed in MD simulations,?33° they
cannot provide a physical sense of the structural solvent. The
near-solute P contributes a significant electric effect to the
solute. Therefore, the description of Pypaxwen in Gauss’s law of
Maxwell’s equations, fails to capture the oscillating decay and
cannot estimate the electric effect on nearby solutes. Although
Gauss’s law of Maxwell’s equations can treat electric inter-
actions between macroscopic objects, it is not suitable for
molecular solutes with nanometer dimensions. An equation,
which could reproduce oscillating decay characteristics and an
analytical solution for spherical solutes, could examine why the
oscillating decay of P depends on the distance to the solute and
what factors affect the oscillating decay of P.

The present paper decomposes the solvent dielectric polar-
ization P(r) into microscopic solvent densities po(r) (the number
of solvent molecules per unit volume over a time period in a
microscopic region), and into electric dipole moments p(r) (the
electric dipole moment of the solvent molecules averaged over
a time period in a microscopic region). An approximate
equation is derived for a spherical solute using p(r), because
p(r) is the key factor in generating the distance solute
oscillation decay of P(r)*® (Figure 2). Furthermore, an approx-
imate analytical solution of p(r) is proposed and verified using
MD simulations.

Theory

Qualitative Basis for the Oscillation of P. Considering
only solvent molecules in the region between R — R. and
R + R, Coulomb’s law can be used to evaluate the electric
field acting on solvent molecules at R due to other solvent
molecules (Figure 1). Ry.x and Ry, denote the first peak
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Figure 1. Comparison of P(r) from MD simulations and

Gauss’s law of Maxwell’s equations. The P(r) as a function
of distance » from a charged solute atom with the charge
state Q = le was computed from MD simulations (black
curve)?®3! and macroscopic Gauss’s law of Maxwell’s
equations (gray curve). The P(r) from MD simulation
decays in an oscillatory manner away from the solute (top
panel). The solvent dielectric polarization at a distance »
from the solute depends on the net electric field Ey.(r)
acting on the solvent molecule at r, which can be
decomposed into contributions from the solute Egopye(r)
and the other solvent molecules Egyyen(r). Only those
solvent molecules in the annular region between » — R,
and r + R, contribute to Egovent(7), while the other solvent
molecules do not contribute to Egjyent(#) on the basis of
Gauss’s law (bottom panel).

position and the first valley position of the solvent dielectric
polarization P (Figure 1). Few solvent molecules exist in the
region within Ry, of the solute, thus the electric field Egojyent
caused by solvent molecules in the region “Rp. — R. to
Ruax + R.” cannot offset the electric field Egqy caused by the
solute. However, the electric field Egyent almost offsets the
electric field Eue, because the solvent dielectric polarization
P in the region “Rpi, — R to Ryin + R.” is larger than P in the
bulk solvent region. Consequently, the net electric field E, is
far greater at R, than at R;,, which attracts more solvent
molecules to the annular region at Rp,. This enhances the
solvent density p, the electric dipole moment p, and thus the
solvent dielectric polarization P at Ry, relative to Ryy.
Introduction of Equations Reproducing the Near-Solute
Oscillation of the Induced Solvent Dielectric Polarization P.
Solute molecules immersed in solvent media exclude and
polarize surrounding solvent molecules and perturb the
surrounding solute solvent density p and electric dipole
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Figure 2. Comparison of Pf(r) from eq 10 and MD
simulations. P£(r) as a function of distance  from charged
solute atom was computed from eq 10 with numerical
strategy (black curve) and MD simulations (gray
curve).?83! In eq 10, the solute charge state O = le, the
solute molecular radius Ry = 2.3 A, the solvent molec-
ular radius Ry = 1.7 A, and the solvent molecular electric
susceptibility x¢ =4.4.

moment p. Previous studies computed the solvent density p(r)
and electric dipole moment p(r) from a given solute charge Q,
the solute/solvent size, intermediated by the force F(r), and the
electric field E(r) on the solvent molecule.?®3! The following
introduces equations calculating the distance solute oscillation
of the induced electric dipole moment p(r).

To describe the distance solute oscillation of P, P(r) is
decomposed into g(r), the solvent molecular density distribu-
tion (defined as the ratio between the solvent density p and the
bulk solvent density Npu), Npuik, the bulk solvent density, and
p(r), the electric dipole moment, i.e.,

P(r) = Nourg(r)p(r) ey

For a perfect dipole moment at the center of the van der
Waals (vdW) sphere, the electric dipole moment p(r) in eq 1 is
approximately proportional to the electric field E(r)

P(r) = E0YmaE(r) @

where & is the permittivity of vacuum and ), is the solvent
molecular polarizability.>?

The electric field E(r) of a solvent molecule at r can be
computed from a solute with a charge distribution pOgop(') and
from other solvent molecules with the induced solvent dielec-
tric polarization P(r, #’) perturbed by the solvent molecule at r.

E(r)=-— / Peie™) — V' - P(r.P)IV(1 40 |r — ¥ d*F

3)
where P(r, 1) is the solvent dielectric polarization at #, when
one of the solvent molecules is at r.

The continuum-type approximation simplifies the estimation
of P(r,#’). The solvent molecule at r perturbing other solvent
molecules is treated as a spherical cavity with a radius Ry.
Within the region occupied by the solvent molecule at r with
radius Rw, P(r,#’) is approximately zero and is

Equation for Solvent Polarization

P(r,r") = P("u(lr —r'| — Rw) “4)

Where u(|r — ¥'| — Rw) is the Heaviside unit step function.

Derivation of Equation P%(r) for the Spherical Solute.
Although the simultaneous equations can find a numerical
solution for P(r), p(r), and g(r),”® an analytical solution may
explore the oscillating decay (affected by the distance to the
solute) characteristic of p(r) in a physical sense (Figure 2).23°!
For a solute composed of n atoms, it is difficult to find an
analytical solution of P(r) and p(r), because an analytical
solution of Pypaxwen(¥) cannot be found. Hence, a spherical
charged solute with a charged state Q is assumed here due to
the spherical symmetry of P(r) and p(r). The electric field E(r)
generated from the induced solvent dielectric polarization P(r')
outside the region #' < (r — Ry) and ' > (r + Ry) is zero in
eq 3 due to Coulomb’s law."> Only P(+) in the region (» — Ry)
and ( + Rw) and the solute charge Q contribute to the electric
field E(r) of the solvent molecule at r, where Ry is the radius
occupied by the solvent molecule. Hence, the electric field £(r)
along a radial direction is*?

Q 1 r+ Ry
47'[80}’2 - 480Rwl’2 [—RW

E(r) = P()(P + 12 — RyHdr
(5)
Using eq 2, p(r) replaces E(r) and g(+') and p(+') replace
P(7") using eq 1. Thus, the relationship between p(r), g(+") and
O becomes

Q g r+ Ry
T ik | 8O = Ry
r—Rw

p(r) =

(6)
where X§ = NpukVmo- Based on Gauss’s law of Maxwell’s
equations, p(r) should be proportional to 1/ in the far solute
region. Therefore, P&(r) is

= 4707 Noup(r) (7)
After P&(r) in eq 7 replaces p(r) in eq 6, eq 6 changes to

g r+Rw 2 _ 2
PE(r) + 2 / s P (1R Vg = 20
4Rw Jr—py, r?
(®)

Equation 8 describes the relationship between P£(r) and the
solute charge Q and contains the unknown variable g(r). The
simplest way to mimic characteristics of g(r) is to use a
continuum-type approximation assuming a Heaviside unit step
function —u(r — Ryonte), Where g(r) is zero in the solute
occupied region and a bulk solvent outside the solute occupied
region. To be more specific, g(r) = 0 if » < Ryoe and g(r) = 1
if 7 > Ryolute, Where Rgopuee is the radius of the cavity excluding
solvent molecules. Then eq 8 becomes

r+Ry 2 2

Pe(r) + X / Pg(r')(l TR —r,sz >dr’

4RW JMax(Ropuer—Rw)

= x50 &)
where Max(Rgolute, ¥ — Rw) is the maximum value of Ry OF
(r — Rw). P&(r) can be calculated using a given solute charge O

and the size of the solute Ry in eq 9. To capture oscillating
decay characteristics of Pf(r), eq 9 is simplified assuming
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¥~ and Ry < r. Then the relation between P%(r) and O can
be approximated as

g 7+ Ry
PY(r) + e /

2RW JMax(Ruuerr— Rw)

PE(Ydr = x50 (10a)

Equation 10a is the integral form of P£(r), which can be
converted into the differential form

g
X [PEG + Rw) = P2 = Rw)]
w
r > Rsolte + Rw
PEG+ Ry)

2
dPe(r)
dr X5
2Ry

(10b)

Rsolute < 7 < Rsolute + Rw

Derivation of the Approximate Analytical Solution of
P&(r) for the Spherical Solute. To obtain an approximate
analytical solution of P$(r), characteristics of P2(r) in eq 10
were analyzed.

The Solution of P2(r) in eq 10 Oscillates: In the region
7> Rooue + Rw, dPE(rp)/dr > 0 at the position r=r,. If
dP{(r)/dr > 0 in the region (o — Rw) <r < (ro + Ry), then
P&(rg + Rw) should be greater than P§(ro — Rw). By incor-
porating the inequality P2(ro + Rw) > P$(ro — Rw) into the
right side of eq 10b, dP%(rp)/dr should be smaller than zero.
However, this would violate the assumption that d P&(r)/dr > 0
in the region (rp — Rw) <r < (ro + Rw). Hence, dP%(ro)/dr
cannot always be greater than zero in the region (1) —
Rw) <r < (ro + Rw). This may indicate that dP§(r;)/dr <0
at a position rq in the region (rg — Ry) < 1 < (ro + Rw). Thus,
(dPE(ro)/dr x dPE(r1)/dr) <0 can be found at the two
positions ry and 7| in the region (r — Ry) and (r + Ry). The
sign of the slope d P§(r)/dr changes in the region (+ — Ry) and
(r + Rw) for r > (Relute + Rw). The mean curve of P&(r)
should oscillate with a period less than or equal to 2Ry
according to the distance to the solute.

Dependence of the Amplitude and Period of P2(r) on the
Solute Charge Q and the Solvent Molecular Radius Ry:
Replacing the solute charge QO by ¢Q, where ¢ is a constant,
can reveal the relationship between the amplitude of P$(r) and
the solute charge Q. If PS(r) was the solution of eq 10a with
the solute charge state O, and P’%(r) was the solution of
eq 10a with the solute charge state cQ, then P'S(r)+
XE/QRW) [t gy PRGN = x&cQ.  The  solution
for P'8(r) is estimated as P'8(r) = cP%(r). Replacing the
estimated solution leads to cPs(r) +cxg/
QRW) fyiker gy PEG)AF = xEcQ. Dividing the above
equation by the constant ¢ on both sides, reveals that
P'8(r) = cP4(r) is the solution when the solute charge is cQ.
This demonstrates that the solution of P'¢(r) in eq 10 is
proportional to the solute charge Q.

Replacing the cavity radius occupied by the solvent
molecule Ry with cRy, where ¢ is a constant, can examine
the relationship between P£(r) and the solvent molecular
radius Rw. If PE(r) was the solution of eq 10a with the cavity
radius occupied by the solvent molecule Ry, and if P'8(r)
was the solution of eq 10a with the cavity radius occupied

by the solvent molecule cRw, then P'8(r)+
X&/(2cRw) ff:-cgy P'e(7)dr = x8cQ. Setting ' =7r/c,
changes the above equation PE(r) + X8/

Bull. Chem. Soc. Jpn. Vol. 84, No. 1 (2011) 61

QRw) [1/QY PG = x¢Q. The solution for P'E(r) is
P&(r/c), implying that the oscillation period of P&(r) in eq 10
is proportional to the cavity radius occupied by the solvent
molecule Ry.

Analytical Solution in the Region r > (Ryute + Rw): The
solution for P&(r) in eq 10 can consist of a particular solution
Vp and a homogeneous solution yy, as P&(r) = yy(r) + yn(r). For
a particular solution, y,(7) is estimated as a constant. Then y,(r)
have to satisfy the following condition:

Xg r+ Rw
() + X / WA = 2O r = Reowe + Ry (1)

2Rw —Rw

Thus, yp(r) = x50/(1 + X9
A homogeneous solution y,(r) should satisfy the differential
equation

dyn() _ x&
dr - 2RW

u(r + Rw) — yu(r — Rw)]

r > Rgolute + Rw (12)

The solution for yy(r) should oscillate. Hence, the homoge-
neous solution yp(7) is an oscillation decay function

yh(r) = CeiA(rileme*RW) COS(B(I’ - Rsolute - RW))
r > Rsolute + Rw (13)

The coefficients 4, B, and C are constants. 4 is greater
than zero because the oscillation peak PE(r) observed in
MD simulations decays according to the distance to the
solute. B is assumed greater than zero because the cosine
function is an even function. Due to the above analysis, B
should be inversely proportional to the solvent molecular
radius Ry and C should be proportional to the solute charge
state (. Inserting the solution for y,(r) from eq 13 into

eq 12, can compute the coefficients 4 and B (see
Appendix I).
X .
A = — =% sinh(ARw) cos(BRw)
Ry
. (14a)
B= _Xe cosh(A Ry) sin(BRy)
Rw

Furthermore, if 4’ = ARy and B’ = BRy, then eq 14a could

be rewritten as
A" = —xEsinh A’ cos B’ (14b)
B = —x&cosh A’ sin B’

Given the solvent molecular electric susceptibility x&, eq 14b
can solve A’ and B’, which in turn can be used to compute the
coefficients 4 and B.
Hence, the proposed analytical solution is
X0
1+ xé

PE(r) = + Ce™ AT Rawe™R) cos(B(r — Ryotute — Rw))

r > Rsolute + Rw (15)

The Analytical Solution in the Region Ry < r =<
Rgorute + Rw: In this region, d P&(r)/dr satisfies the conditions
in eq 10b. After inserting the solution for P£(r) from eq 15 into
the right side of eq 10b, the integration of P%(r) over r (see
Appendix II) can solve PE(r) in the region Ry < ¥ =<
Ryorute + Rw as follows:
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§0
P = 1)Eix§+c
Xg efARW .
+ Oy g BSIn(BRw) — A cos(BR)
W
g £0
_ 2)1(;“] l)fi Xg (r - Rsolule - RW)
€
g e—A(r_Rsu]u\C) .
_ 2);;“] i E [Bsin(B(r — Ryolue))

— A cos(B(r — Ryolute))] (16a)

Equation 16a can be simplified with an approximate
strategy. If (4% + B?) were far greater than 1.0 (Figure 3), then

Equation for Solvent Polarization

the 1/(4% 4+ B?) component in eq 16a could be neglected. Thus,
P&(r) in eq 16a can be simplified as

x50 Xe X0
- — Ryoute — R
1+X§ 2Ry 1 +X§ (r solute w)
Rsolte < 7 < Rgolue + Rw  (16b)

Determination of the Coefficient C in eqs 15 and 16b:
When 7= Ryiue, €q 10a can be written as P$(Rsolute) +
XE/QRw) [ PE()dr’ = x€Q. Inserting eq 16b into
the above equation can determine the coefficient C (see
Appendix III) as C = —(X§)3Q/[4(1 + 52 + x®)]. Hence,

replacing C in eqs 15 and 16b yields

PE(r) ~

2
1X§Qg |:1 - (Xg) g eiA(rilemeiRW) COS(B(r — Roolute — RW))] r > Rsolute + Rw
, + Xe 42 + xe)
PE(r) = ’ (17)
X%Q |:1_ (Xg) _ Xg (r—R _R )] R <r<=R + R
1+ X«gv 4(2 + X%) 2RW solute w solute = Rsolute w
The Oscillation Period of P8(r): The oscillation period (a) 3
of P§(r) can be calculated differentiating P$(r) in the
region 7> (Rsomte + Rw), and finding the position r= 2.5 A
Rsolue + Rw + [T — tan~'(4/B)]/B, where dP&(r)/dr = 0 (see 5
Appendix 1V). Therefore, the period of Pf(r) in the region R
7 > (Rsolute + Rw) is 27T/B. <151
Calculations 1
The Numerical Strategy Used to Estimate the Solution 0-5 1
for P2(r) from eq 10. Given the cavity radius occupied by 0 ‘ ‘ ‘ ‘
the solvent molecule Ry, the solvent molecular electric 0 1 2 3 4 5
susceptibility x&, the solute charge state O, and the solute Xe
molecular radius Ry, an iterative numerical strategy can (b) 45
calculate PS(r). An adequate initial value of P£(0, r), the value .
of P&(r) in the Oth step, can converge the result more quickly. 44 1
Applying Gauss’s law of Maxwell’s equations can estimate the
initial value of P£(0, r). In the region r < Roye, P5(0, 1) is zero sA 43
due to the absence of solvent molecules in the solute occupied 40 |
region. In the region r > Ry, PE(0,7) = x20/(1 + x8).
To understand whether P£(0, r) should increase or decrease 4.1 +
in the region r > Ry, the judgment function J(r) is defined
as, J(r) = PEr) + X5/ QRW) [ ko) PECIA = XEQ. 4 . 1 : ) : .
Given the values of X5, Rw, O, and Rgue the judgment 18

function J(r) is calculated for each point in the region
Ryoute < 7 < 20 A step 0.01 A, by inserting P¢(r) into the right
side of the above equation. If r=ry, and J(ry) <0, then
P&(rg) = P§(rg) + A, otherwise Pf(rg) = P&(rg) — A. The in-
creasing number A is 0.0001. The iterations continue until all
the points in the region Ryypyee < o < 20 A result in an absolute
value of J(r) < 0.01.

The Numerical Strategy to Solve the Coefficients 4’ and
B’ in eq 14b. To solve P&(r) from eq 17, A and B, which are
dependent on the parameters x£ and Ry, have to be known in
the region » > (Rgoue + Rw). Both 4 and B can be computed
from A" and B’, and A’ and B’ can be computed from X% using
eq 14b. Thus, a given x& can provide a solution for 4" and B'.

To judge whether the estimated sets (4’, B") satisfy eq 14b,
the judgment functions Jy(4’, B") and Jy(4’, B’) were defined as
Ji=A"+ x8sinhA’cos B’ and J, = B’ + x%coshA’sin B/,

Figure 3. Dependence of the coefficients 4’ and B’ on the
X5. The numerical solutions of (a) 4" and (b) B" in eq 14
depend on the solvent molecular electric susceptibility x&.

respectively. A" and B” were 0.01 between zero and ten steps.
Using a given parameter x&, various values of (4’,B’) were
inserting into the above equation and Ji(4’, B") and J(4’, B)
were calculated. Then (J,2 4 J,2)!/? was computed for various
values of (4, B'), and the minimum value of (J;% + J,%)'/? was
picked to examine the proximity to zero.

Results and Discussion

The Oscillation Source of P(r). The physical meaning of
eq 10a can be considered as Pf(r) at position r plus the
averaged PE(r) over a region multiplied by a constant x%.
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P + XE(PHI) = 160
r+Rw

(18a)

(PE()) = 50—
s 2Ry Max(Rsolute-,¥— Rw)

PEG)AY = x£Q  (18b)
The (P&(r)) is the average P2(r) over a period of 2Ry.
With P{(r < Ryoiue) =0, the solution of PE(r) should

oscillate in the region » > Ry In far solute regions,

P&(r — oo) may approach a constant. The integral region of

eq 18b encompasses (» — Rw) to (» + Rw), and the range of

integration is 2Rw. Equation 18 yields an amplitude of

P8(r — 00) = x80/(1 + x§). The integral region at the

position 7 = Ryue Of €q 18b encompasses Rgote 10 (Rsolute +

Rw) due to PE(r < Rouee) = 0. The integration range is Rw. To

satisfy eq 18, the amplitude of P2(r) should be larger than

PE(r — o00) near the Ry region. However, the integral

region of eq 18b at the position » = (Ryue + Rw) encompasses

Ryoute t0 (Rsorute + 2Rw), and the integration range increases to

2Ry. To satisfy eq 18, the amplitude of P2(r) has to be less

than that of P&(r — oo) near the (Ryoe + Rw) region. Hence,
the oscillation source of P§ comes from the solute excluding
solvent molecules leading to P8(r < Ryjue) =0, and the
solvent molecule at r excluding other solvent molecules

leading to eq 18.

Comparison of P%(r) Solved Using eq 10 and P:(r)
Computed Using MD Simulations. To understand the
performance of eq 10, the solution was verified using a
numerical strategy and compared with the solution from MD
simulations. The numerical solution from eq 10 oscillates
according to the distance to the solute, with a solute molecular
radius Ryoue = 2.3 A, the solvent molecular radius Ry = 1.7 A,
and a solvent molecular electric susceptibility x§ =4.4, and
the oscillation amplitude decays as far away from the solute as
observed in MD simulations (Figure 2).

The Amplitude of the First Peak of P%(r) from eq 10 Is
Larger than from MD Simulations (Figure 2): The first
peak of g(r) is approximately five times higher than the bulk
solvent observed in MD simulations,”® but g(+) is 1.0 when
deriving eq 10. Hence, the induced solvent dielectric polar-
ization from eq 10 cannot generate an electric field Egoyent
larger than the electric field from the solute Egy (Figure 1).
The net electric field E, from eq 5 is larger than the electric
field from MD simulations. Consequently, p(r), which is
proportional to E. (eq 2), is larger than the p(r) from MD
simulations and p(r) has to be larger to generate enough Egojyent
to overcome Egyie.

The First Valley of P%(r) at r = 4 A from eq 10 Is Not as
Smooth as from MD Simulations (Figure 2): The equation
used to calculate the slope of P2(r) is different in the
region 7 < (Rsomte + Rw) and 7 > (Rgoute + Rw). The cavity
radius occupied by solvent molecule is Ry = 1.7 A, and the
cavity radius occupied by solute molecule is Ry = 23A
(Figure 2). Hence, the discontinuous point of differentiation
appears at 7 = Ry + Ry = 4.0 A.

The Cavity Radius Occupied by Solvent Molecules Ry
May Be 1.7A: Several approaches defined the solvent
molecular radius, such as that based on a pair distribution
function of water oxygen—oxygen, where the position of the
first peak is at 2.8 A.3? Hence, the solvent molecular radius is
Ry = 14A, and the cavity radius excluding other solvent
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Figure 4. Dependence of the amplitude and period of PE(r)
from eq 10 on Q and Ry, respectively. PE(r) as a function
of distance r from charged solute atom was computed from
eq 10 with numerical strategy with (a) Ry = 2 A, xt=4,
the solute Q as le (solid black), 2e (dashed black),
3e (solid gray), and 4e (dashed gray), respectively.
(b) O =le, x& =4, the solvent molecular radius Ry as 1
(dashed gray), 2 (solid black), 3 (solid gray), and 4A
(dashed black), respectively.

molecules is Ry = 2.8 A. Another approach is based on TIP3P
force fields,** where the vdW radius of the TIP3P oxygen atom
is Rmin/2 = 1.7682 A. In the present paper, the parameter B’ in
eq 14b is approximately 4.49 when x& = 4.4 (Figure 3). The
period of PE(r) observed in MD simulations (Figure 2) is
approximately 2.4 A. The period of P4(r) equals 27tRy /B’ (see
“the oscillation period of P2(r)” paragraph in the theory
section). Therefore, the solvent molecular radius is Ry = 1.7 A.

Dependence of the Amplitude and Period of P%(r) from
eq 10 on the Solute Charge Q and Solvent Molecular
Radius Rw. The numerical solution Pf(r) of the integral
eq 10 oscillates with decay (Figure 2). The theory section
anticipated the amplitude of P&(r) to be proportional to the
solute charge O, which was verified using a numerical solution
of eq 10 with various solute charge states Q. Assuming a
solvent molecular radius Ry = 2 A, solvent molecular electric
susceptibility x% = 4 and a change from le to 4e step le in the
solute QO results in a P#(r) proportional to the solute charge O
(Figure 4a).

The theory section also anticipated the period of P£(r) to be
proportional to the solvent molecular radius Ry. The numerical
solution of eq 10 with various solvent molecular radii Ry
verified this. When the solute charge Q = le, the solvent
molecular electric susceptibility x§ =4 and the solvent mo-
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Figure 5. Dependence of the amplitude and period of P§(r)
from eq 10 on x&. P$(r) as a function of distance r from
charged solute atom was computed from eq 10 with
numerical strategy with (a) Rw =24, 0=(1 + X8/ X8,
the solvent molecular electric susceptibility x =1 (solid
gray), x5 =2 (solid black), x§ = 3 (dashed gray), x§ =4
(dashed black), and x§ = 4.5 (dot black). (b) x§ = 4.9, the
step numbers of computing are 50000 (dashed gray),
100000 (solid black), 150000 (solid gray), and 200000
(dashed black).

lecular radius Ry changed from 1 to 4A step 1A, then the
oscillation period was proportional to the solvent molecular
radius Ry (Figure 4b).

Dependence of P(r) from eq 10 on x%. The dependence
of PE(r) from eq 10 on the solvent molecular electric suscepti-
bility x% was explored using a numerical strategy. P2(r)
oscillation decays according to the distance to the solute
when the solvent molecular electric susceptibility x& <4.5
(Figure 5a), but the peak of the amplitude of P%(r) increases
with the distance to the solute when the solvent molecular
electric susceptibility x£ >4.9 (Figure 5b). Although the
amplitudes of the oscillation peak and valley depend on the
solvent molecular electric susceptibility x&, the positions of the
oscillation peak and valley are independent of the solvent
molecular electric susceptibility x.

When the solvent molecular electric susceptibility x = 1 or
2, the amplitude of the oscillation peak is not large and the
oscillation peak disappears quickly. When the solvent molecu-
lar electric susceptibility £ approaches 4.7-4.8, the oscillation
peak decays slowly (Figure 5a). For x§ > 4.9, the oscillation
peak increases (Figure Sb). With more numerical iterations for
solving P§(r) in eq 10, the amplitude of P§(r) increases and the
convergent curve of P§(r) cannot be found (Figure 5b).

Equation for Solvent Polarization

When x§ < 4.5, the oscillation peak increases and its rate
accelerates as the solvent molecular electric susceptibility x$
increases (Figure 5a). If x& appeared only in the right side of
eq 10 as the solute charge Q, the amplitude of P&(r) would be
proportional to x&, because the amplitude of P§(r) is propor-
tional to the solute charge Q. However, the solvent molecular
electric susceptibility x¢ also appears in the second term of
eq 10. Thus, the rate of the oscillation amplitude increases
when the solvent molecular electric susceptibility x§ increases
and the oscillation amplitude increases according to the
distance to the solute when x§ > 4.9.

Dependence of the Coefficients 4 and B on Ry and x%.
The coefficients 4 and B depend on the solvent molecular
radius Rw and solvent molecular electric susceptibility x&, and
are required for computing P§(r) in eq 17. The coefficients 4
and B can be calculated from 4’ and B’ based on the relation
A" = ARw and B’ = BRy,. The coefficients A" and B’ depend on
the solvent molecular electric susceptibility x§ and a numerical
strategy using various values of x& can solve A" and B’. When
X& increases from 0.54 to 4.5, the coefficient A" decreases from
2.93 to 0.04 (Figure 3a), while the coefficient B’ increases from
4.09 to 4.49 (Figure 3b). For x§£<0.54 or x¢>46, a
numerical solution for 4’ and B” cannot be found.

The Performance of the Approximate Analytical Solu-
tion for P%(r) from eq 17. To derive an analytical solution of
eq 17 from eq 10, an approximate strategy was applied. To
examine the performance of the derived analytical solution for
P&(r), P§(r) from eq 17 was compared with the numerical
solution from eq 10 using various solute charge states Q,
solvent molecular radii Ry and solvent molecular electric
susceptibility x&. The results demonstrated that the curve of the
proposed approximate analytical solution from eq 17 is similar
to the numerical solution in eq 10 (Figure 6).

An inconsistency occurs in the region » < Ryue + Rw, Where
the linear approximation in eq 17 differs from the curve derived
from the numerical solution of eq 10 (Figure 6). Equation 16a
yields a more accurate analytical solution for P£(r) in the region
7 < Rgonute + Rw. To simplify the analytical solution describing
P&(r) in the region r < Ryoiye + Rw, €q 16b uses a linear curve
to replace the curve in eq 16a. Hence, the analytical solution of
eq 17 in the region r < Ry + Rw is linear, which is slightly
different from the numerical solution of eq 10.

Comparison of the Equations Describing Oscillation
Decay and Harmonic Damping. The numerical solution
for P&(r) from eq 10 oscillates with decay according to the
distance to solute, and is consistent with the proposed
analytical solution for P%(r) in eq 17. The format of the
proposed analytical solution in eq 17 oscillates with an
exponential decay similar to the format of the solution from
a harmonic damping system, such as a spring system or RLC
(R: resistor, L: inductor, C: capacitor) electric circuits. How-
ever, the format of eq 10 differs from harmonic damping
(Table 1).

For example, the spring system may consider a particle with
mass m attached to a spring. The force from the spring will
push back to the equilibrium state as —kx following Hooke’s
law.>* The force from the spring equals the mass times
acceleration ma or mo*x/&t. The friction force is proportional
to the velocity, fOx/0t. The equation of the spring system is
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Figure 6. Comparison of P$(r) computed from eqs 17 and
10. P§(r) as a function of distance  from charged solute
atom was computed from eq 17 (black curve) and eq 10
with numerical strategy (gray curve) respectively. The
curves of P&(r) related to r are plotted with the set of (Q,
Rw, x&) parameters which are (a) (O = le, Rw =2 A, and
x2=4), (b) (Q=2e, Rw=2A, and x2=1), and (c)
(Q=1le,Ry=1A, and x¢ =4).
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d2x dx

Assuming that the solution of eq 19 is harmonic damping,
then

x(1) = x(0)e~* cos(bt) (20)

where x(0) is the initial position of the particle with mass m.
The damping factor a and the oscillation frequency » depend
on the mass m, the friction coefficient f, and the spring constant
k (Appendix V). Thus,

{ a=f/2m)
b= (f2 — 4maf + 4mk)'? /2m) ~ Jkm

The solution format of harmonic damping (eq 20) from
eq 19 is similar to the distance-dependent oscillating decay
solution (eq 15) from eq 10. In most cases, the oscillation
solution comes from the second-order differential equation as
in eq 19, because a second-order differential of the sin or
cosine function will return to a sin or cosine function. In
contrast, eq 10a is a first-order integral equation. A mass-spring
system generates oscillation, because the initial position of the
particle in the spring system is not in the equilibrium position.
The spring force repeats a pattern of pulling particles back and
then over the equilibrium position. The near-solute solvent
polarization oscillates, because P&(r) =0 in the region
7 < Reomte and because Pf(r) has to satisfy the condition,
PS5(r) + x&(P&(r)) = constant (eq 18a). The damping phenom-
enon of eq 19 derives from the friction coefficient. The
amplitude peak of P%(r) decays due to the solvent molecular
electric susceptibility x&.

€2y

Conclusion

An approximate equation describing P%(r) is derived for
spherical solutes. The numerical solution of eq 10 is similar to
the solution from MD simulations and can reproduce oscillating
decay characteristics of P2(r). PS(r) oscillates near the solute
region, because P£(r) is zero in the solute occupied region, and
the condition for PS(r)+ xS(P5(r)) being a constant is
satisfied. The solvent molecular electric susceptibility X
determines the peak amplitude of the oscillation of P£(r) and
the decay rate of the oscillation peak of P£(r) according to the
distance to the solute. If £ is greater than 4.9, the amplitude of
the oscillation peak of PS(r) may increase in mathematical
solutions. Furthermore, the size of solvent molecules deter-
mines the oscillation period of P£(r), and the amplitude of

Table 1. Comparison of the Equations Where Oscillation Damping Solutions Can Be Generated

Equation derived in this project

Harmonic damping

Xg r+ Ry d2x dx
Equation PE(r) + =5 / PE(r)drY = x20 (eq 10a) m—-+f—+kx=0 (eq 19)
2Rw J Max(Roppe.r—Rw) dvt dt
Boundary/initial o .
condition Pir)=0 for r < Rsotute x = x(0)
g
Solution PS(r) = XeQ + CeAU=Reue=RW) cog( B(r — Ryopue — Rw)) (eq 15)  x(z) = x(0)e™*cos(br) (eq 20)

1+ x§
Damping/oscillation ARw = — & sinh ARy cos BRy
factors BRw = — )& cos ARy sin BRy

a=f/2m)
(eq 14) b~ Jk/m (eq 21)




66 Bull. Chem. Soc. Jpn. Vol. 84, No. 1 (2011) Equation for Solvent Polarization

P&(r) is proportional to the charged state of the solute. The .
approximate analytical solution of P£(r) is based on the Appendix

analyzed results and agrees well with the numerical solution of Derivation of eq 14a. In the region r > (R + Rw),
PE&(r). The oscillation decay solution is similar to the harmonic ~ yn(r) should satisfy the derived differential equation as
damping solution, but has a different equation format. follows:
dyn(r) H
W K Rw) = 3 — Rl 72 Ruotue + Ry (12)
dr 2RW

The proposed homogeneous solution yy, is described as follows:
yu(r) = Ce AU Reowe=Rw) cos(B(r — Rsolue — Rw)) X = Rsolute + Rw (13)

By substituting yp(7) in eq 13 into yu(r) in eq 12, dyn()/dr, yu(r + Rw) and yy(r — Rw) in the region 7 > (Rgonte + Rw) can then
be computed as follows, respectively:
dyh(r) _ _Ce_A(r_Rsolule_RW) [ A COS(B(I” — Rsolute — RW)) ]
dr L + BSiIl(B(I’ - Rsolule - RW))
[ A cos(BRw) cos(B(r — Rsolute))
+ A sin(BRw) sin(B(r — Rsolute))

- _ Ce*A(r* Rsotute—Rw)

L1
+ BCOS(BRW) sin(B(r - Rsolute)) ( )
| — Bsin(BRw) cos(B(r — Ryolute))
n(r + Rw) = Ce™ AR cos(B(r — Ryoture)) (1.2)

h(r = Ry) = Ce™ A Ruaue™2R) 05(B(r — Riotue — 2Rw))

_ CeAt- leute_mw)[ cos(2BRw) cos(B(r — Rolute)) ]

. ( (1.3)
+ Sln(ZBRW) sm(B(r - Rsolute))

It follows by substituting eqs I.1, 1.2, and 1.3 into eq 12 that

A cos(BRw) cos(B(r — Rsotute))
+ A sin(BRw) sin(B(r — Rolute))
+ Bcos(BRw) sin(B(r — Rsolute))
— Bsin(BRy) cos(B(r — Rsolute))
Ce™ A0 Raue) cos(B(r — Ryolute))
cos(2BRw) cos(B(r — Rsolute)) (1.4)
+ sin(2BRw) sin(B(r — Ryolute)) ]

After decomposing eq 1.4 based on the function containing cos(B(r — Rgoute)) and sin(B(r — Ryoute)) components, eq 1.4 can be
written as follows:

_ CemAT—Ruue—Rw) [ A cos(BRy) cos(B(r = Reoture) }
— BSin(BRW) COS(B(V - Rsolute))
Xg i CeiA(riRm]uw) COS(B(V— Rsolute)) ]

_ Ce_A(r_Rsolme —Rw)

X
2Rw _ Ce_A(r_Rsolutc_ZRW) |:

= — L.5a
2Rw | —Ce A Rome=2RW)[c05(2 BRy) cos(B(r — Rsolute))] (132
_Ce_A(r_Rsolme_RW) |: A Sln(BRW) Sin(B(r - Rsolute)) }
+ B cos(BRw) sin(B(r — Ryolute))
g
- _ 2)1(; {_Ce—A(r—Rsolule—2RW)[sin(zBRW) sin(B(r — Rsolute))]} (1.5b)
W
Equation 1.5 can be organized as follows:
g
A cos(BRy) — Bsin(BRy) = %[e‘AR‘V — ¢MRW cos(2BRy)]
~ (1.6)
A sin(BRw) + Bcos(BRy) = _I)Q(_e sin(2BRw)
W
Equation 1.6 can written in the matrix format:
|:cos(BRw) —sin(BRyw) ] [ A :| X [e‘ARW — eARw cos(ZBRW):| )
sin(BRw) cos(BRw) || B]  2Rw —eRv sin(2 BRy) '
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The constants A and B can be found as follows:
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A x& [cos(BRw) —sin(BRw)] '[ e ARv — ¢ARw cos(2BRy)
[B] ~ 2Ry | sin(BRw)  cos(BRw) ] [ —eARY §in(2 BRy) ]
Xt [ cos(BRw) sin(BRy) e ARw — eARW cos(2BRy)
" 2Rw | —sin(BRw) cos(BRw)][ —eRv sin(2 BRy) ]
_ _x& [ e v cos(BRw) — e cos(BRw) cos(2BRy) — e sin(BRy) sin(2 BRy) ] 18
2Rw | —e 4Rw sin(BRy) + eA®v sin(BRw) cos(2BRy) — e*® cos(BRw) sin(2 BRw) ’

It follows by substituting cos 2BRy = 2 cos> BRyw — 1 and sin 2BRy = 2 sin BRy cos BRy into eq 1.8 that

Al X8
B| 2Rw

~ 2Rw

X [ e 4R cos(BRw) — eARv cos(BRy) ]
" 2Rw | —e4R¥ sin(BRw) — ARV sin(BRyw)

The solutions for 4 and B can be organized as follows:
_XE

A= e sinh(A Rw) cos(BRw)

W (1.10)

g
B= X cosh(A Rw) sin(BRw)
Ry

Derivation of eq 16a. In the region 7 < Ry + Rw, PE(7)
satisfies the condition in eq 10b.

dre(r)y  x¢

dr 2RW

PE(r + Rw) (10b)
From eq 10b, dP§(r)/dr in the region Roye <7 <
Rsolute + Rw is dependent on PE(r) in the region Ry +
Rw <7 < Ryoiure + 2Ry
In the region r > (Rute + Rw), the solution for PE(r) is
proposed in eq 15:
x:0Q

¢ + Ce™ A Rawe™RW) 6o5(B(r — Ryonte — Rw))
1+ &

PY(r) =

r > Rsolute + Rw (15)

By substituting P#(r) in eq 15 into the right side of eq 10b,
dPf(r)/dr in the region Roye <7 < Rsomte + Rw can be
written as

dPi(r) _ x¢ [ xtQ
dr — 2Rw |14 x§

+ CefA(rfRsolme)Cos(B(r — Rsolute))]

(IL1)

It follows with the formulas from the integral table that
—Ax
/ e cos(Bx)dx = h [Bsin(Bx) — Acos(Bv)] (I1.2)

Also, P£(r) can be evaluated by integration of dPf(r)/dr

over r, i.e.,
g g
Py = - X XEQ
2Rw 1+ xs
Xg e*A(V*Rsolule)
2Ry A2+ B2
—A COS(B(F - Rsolute))] +D

r

[B sin(B(r - Rsolute))

(1L.3)

[ e AR cos(BRw) — eARY cos(BRw)(2 cos?(BRy) — 1) — 2eARw sinZ(BRW) cos(BRw)
—e AR sin(BRw) + e*®¥ sin(BRw)(2 cos?(BRw) — 1) — 2e*Rv sin(BRw) cos*(BRw)
XE [ e~ AR cos(BRyw) — 2648 cos3(BRw) + R cos(BRy) — 2R sin®(BRyw) cos(BRyw)
—e ARw sin(BRy) + 248V sin(BRy) cos?(BRy) — eA®v sin(BRyw) — 2e*%v sin(BRw) cos?(BRy)

(L9)

where D is a constant.
To keep continuity at the point » = Ryoiue + Rws replace » by
Ryoiute + Rw in eq 15 as follows:

g
Xng +C (1L4)

PE(R Ry) =
s( solute 1 W) 1+Xe

Also replace 7 by Ryute + Rw in eq I1.3 as follows:

Xe X0
R R
2RW 1+ X§ ( solute 1 W)

- Xe ﬂ [Bsin(BRw)
2Ry A2 + B? v

— Acos(BRw)]+ D (IL5)

The coefficient D in eq I1.3 can be evaluated by equivalent

eqs I1.4 and I1.5 as follows:
X0 L, X X0

P;g(Rsolute + RW) = -

(Rsolute + RW)

Y 2Rw 1+ x2
Xg e~ ARw )
+C 3Ry IR [Bsin(BRw) — A cos(BRw)] (11.6)

Substituting the coefficient D into eq I1.3, then the solution
P&(r) in the region Ryoute < 7 < Rsolute + Rw can be written as
follows:

g g
Py = - e K
2Rw 1+ %2
x& e AU—Raw)
_ ZRCW TR [Bsin(B(r — Rolute))
— A cos(B(r — Rsolute))]
x50 xXs x2Q
c R R
+1+X§+ +2RW1+X§( solute 1 W)
Xe e o
+C 2Ry, m [Bsin(BRw) — A cos(BRw)] (I.7)
Equation II.7 can then be reorganized as follows:
. X0
Pe(r) = 2= C
N I
X et
+C Ry N E [Bsin(BRy) — A cos(BRw)]
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x5 X0 g 2 e
- (r — Ryotute — Rw) g ~ XeQ X x:Q
2Rw 1+ x& solute P (Rotue) 1 o 2T o (IIL1)
x& e AU-Rawe)
—-C5 Re W[B sin(B(r — Rsolute)) The relation between PZ(r) and solute charge Q can be
W approximated as
—A COS(B(V - Rsolute))] (Hg) R
g [rtRw
Determine the Coefficient C in eqs 15 and 16b. The P(r) + 2);; / PE(Ydr = x50 (10a)
solution of P&(r) in the region Ryjue <7 < Rolute + Rw is W J Max(Rsolue,r—Rw)
approximated as When 7 = Ryonute, €q 10a can be written as below:
Xg Q Xg Xg Q g Ryolute +Rw
P8(r) ~ &= — €= (r — Reolute — R g e SN — yE
s( ) 1+ X% 2Rw 1 + X% ( solute w) PS (Rsolute) + 2Rw /leme Ps (I’ )dl’ X 0 (HIZ)
(16b) The second term of eq III.2 can be obtained by integrating
When 7 = Ryopue, €q 16b can be written as below: P&(r) over r; i.e.,
Rsolute +Rw Rolute +Rw g g g
XE0 s xEQ ]
Pgr'dr':/ < — _Le e ¥ —R — Rw) |d¥
/[;solule S( ) Rsolute |:1 + Xg 2RW 1 + X% ( solure W)
[ xtQ X8 X0
=R C - —Rsolure — R
W_1+X§+ 2RW1+X§( solute W)
_ Xg X%Q (Rsolutc + RW)2 - Rsolutc2
2Rw 1+ x§ 2
[ xE0 x5 X0
=R £ C £ £ R R
W_1+X§+ +2RW1+X§( solute+ W)
_ Xg XEQ 2RsoluteRW + RW2
2Rw 1+ x§ 2
RwxsQ X5 XEOQRswome | X5 XEORw
=" +CRyw+ =+
1+ 8 VT T T2 1+ ¢
_ )ﬁ X%QRsolute _ )ﬁ X%Q Riw
2 1+ 2 14+ x8 2
Rw x50 X5 XEQRw
= CR £e e 111.3
T4y Pt e -
It follows by substituting eqs III.1 and IIL.3 into eq III.2 that
g g v g [/ Rw Y& g YyEOR )
(Xng X5 erg)+ XE ( wxegQJrCRWJr&er ZV>=X*;Q
1+ xs 2 1+ xe 2Rw \ 1+ xc 4 1+ xe
x50 X5 XEQ X8 X80 x5 . XEX: xsQ
c+22 £e O e =T ¢4
l—i—)(“é+ +21+x§+21+)(§+2 +241+x§ <0
x5 x50 X0 X5 x5 x50
C CC = y80 — Le¥  yg Ae¥  Ae Ae Ae
S T i A R I
g g)2 48
14 X co X Xng
2 8 14 X
QHxd) . _ & xiQ
2 8 14 x8
g)2 g
Ce_ (x5 )g<eQ . (111.4)
4 (14 xe)2+ xe)
Derivation the Period of Oscillation P%(r) in eq 17. From eq 17, P&(r) in the region r > (Rsoiute + Rw) is
xo e’ X0 A RuneR
Pe(r) = 2= — = < e AU~ Reowe =RW) 005( B(r — Ryouie — R 17
g( ) 1+ Xg 4 (1 i Xg)(z + Xg) ( ( solute W)) ( )
The differential of P2(r) over r is
dPE) _ (X®* X0 Ae Ao =R cos(B(r — Ryotue — Rw)) av.D)
dr 4 (14 xD2H+ x| 4 Be A0~ Rawe=RW) gin(B(r — Ryoiue — Rw)) '

To satisfy the condition dP¢(r)/dr = 0, the following condition can be obtained.
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A cos(B(r — Ryoe — Rw)) + Bsin(B(r — Rolue — Rw)) =0
(IV.2)
And then,
A

tan(B(r — Rsolute — Rw)) = — E (IV3)
= Ryoue + R +1 7 —tan! (2 (IV.4)

I = Ksolute w B an B .

Hence, the period of P§(r) in the region r > (Rsoie + Rw) is
271 /B.

Derivation of eq 21. Take the spring system as an
example. Consider a particle with mass m attached to a spring.
The force from the spring will push back to the equilibrium
state following Hooke’s law as —kx. The force from the spring
equals the mass times the acceleration ma, or mo*x/d*t. And the
friction force is proportional to the velocity, fox/0t. The
equation of the spring system can be written as

d*x dx
— —+kx=0 19
e +f a (19)
Assume the solution of eq 19 is harmonic damping, i.e.,
x(1) = x(0)e~ cos(bt) (20)

The first-order differential equation of x(¢) is
dx

P —ae " cos(bt) — be " sin(bt) V.1
The second-order differential equation of x(7) is

dzx 2 2\ —at —at :

&= (a= — b")e™“ cos(bt) + 2abe™ ' sin(bt) V2)

Substituting eqs 20, V.1, and V.2 into eq 19, we obtain
that
m(a® — b*)e™ cos(bt) + 2mabe™ sin(br)

— afe " cos(bt) — bfe " sin(bt) + ke™* cos(bt) = 0 (V.3)

The coefficients of sin(bf) and cos(b?) terms in eq V.3 should
be zero, respectively.

{m(az—b2)—af—|—k:O V)
2mab — bf =0 '
It follows from eq V.4 that
a= f/2m V.5)
and then
1/2
f* — 4maf + 4mk k
b= [# L= (V.6)
m m
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