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The dielectric polarization P is the key factor for computing electromagnetic interactions between charged particles
in materials in classical electrodynamics, and for computing hydration free energy of biomolecules in the field of physical
chemistry. Near-solute P dominates electric contributions to the solute from polarized solvent media and oscillates with
decay according to the distance to the solute. This oscillating decay is observed in molecular dynamics simulations and
cannot be reproduced from Gauss’s law of Maxwell’s equations. In the present paper, P was decomposed into the electric
dipole moment p and the solvent density µ. Equations and an approximate analytical solution capturing the oscillating
decay of p were derived for a spherical solute. The equations can be used to understand physically why p oscillates
according to the distance to the solute. The approximate analytical solution can identify factors, such as the solvent
molecular radius RW and the solvent molecular electric susceptibility »g

e, changing the amplitude and the oscillation period
of p. In addition, the approximate analytical solution of p is similar to the solution of a spring system with harmonic
damping. However, the equation describing p uses a first-order integral equation and thus differs from the equation
describing a spring system which uses a second-order differential equation.

Among the four fundamental types of interactions®strong,
weak, gravitation, and electromagnetic®electromagnetic inter-
actions dominate in molecular solutes, such as protein­protein/
ligand/DNA interactions. Coulomb’s law provides the means
to calculate the electric interaction energy or force between
two charged particles.1,2 Numerous polarized molecules exist
in dielectric material, and to treat them as sources to evaluate
electric interactions is almost impossible. Maxwell treats the
electric effect of discrete polarized molecules as a space
continuum distribution where the induced dielectric polar-
ization PMaxwell is the electric dipole moment averaged in a
macroscopic region proportional to the electric field EMaxwell.1,2

EMaxwell can be computed using the source charge and the
induced PMaxwell. Both PMaxwell and EMaxwell can then be solved
from these simultaneous equations by the given source
charge.1,2

The development of molecular biology3­5 and nanotechnol-
ogy6 led to general concerns regarding the treatment of electric
interactions among molecular solutes in solvent media. Water is
the most abundant solvent on earth, without which life as we
know it would not be possible.7 Electric interactions between
two charged particles in water media are reduced compared
with interactions in a vacuum environment, because water
solvent molecules have large permanent dipole moments and
can rotate. When r12 separates two charged particles in
dielectric media with charged states Q1 and Q2, then the
components from particle 1 and from polarized solvent
molecules can partition the electric force acting on particle 2.
The first component is F1

2 = Q1Q2r12/4³¾0r123, where ¾0 is the
permittivity of free space and r12 is the vector from particle 1
to particle 2.1,2 To compute the second component FP

2 , the
induced solvent dielectric polarization P has to be estimated.

Gauss’s law of Maxwell’s equations, r � D = µ,1,2 provides an
approximate way to estimate P. For a charged particle with the
charged state Q1 immersed in material with a dielectric constant
¾r, P is PMaxwell = Q1(1 ¹ 1/¾r)r/4³r3, where r is the distance
to particle 1. Thus, the second component is FP;Maxwell

2 =
¹Q1Q2(1 ¹ 1/¾r)r12/4³¾0r123. The net force on particle 2 is
then F2 = Q1Q2r12/4³¾0¾rr123, which is the sum of F1

2 and
FP;Maxwell
2 .1,2

Taking a water solvent with a dielectric constant ¾r = 80 as
an example, the second component cancels 79/80 of the force
from the first component, leaving only 1/80 of the force from
particle 1 and 2/80 with a 1% computing error for FP

2 . The
computing error doubles the F2 error. Therefore, it is crucial to
estimate the induced dielectric polarization P accurately for
computing electric interactions between two charged particles
in water.

P is useful for computing electric interactions between two
charged particles in dielectric material, magnetic interactions,1,2

and the charging hydration free energy of a solute.8­12 For
magnetic interactions, Ampere’s law of Maxwell’s equations,
r © H = J + ∂(¾0E + P)/∂t, determines the relation between
the magnetic field and the time-dependent dielectric polar-
ization P.1,2 The P is a major component to estimate the
protein­protein/ligand binding affinity, which is useful for
protein function studies4,7 and computer-aided drug design.13­15

In 1920, Born16 derived the charging hydration free energy
�Gelec

solv by charging up ¯(q), the electrostatic potential at
a solute due to the polarized solvent molecules, i.e.,
�Gelec

solv ¼
RQ
0
�ðqÞdq. ¯(q) was estimated considering a

spherical ion of radius RBorn and charge Q immersed in a
solvent with a dielectric constant ¾r. The ion polarizes the
solvent and generates an induced dielectric polarization
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PMaxwell = Q(1 ¹ 1/¾r)r/4³r3, which contributes ¹q(1 ¹ 1/
¾r)/(4³¾0RBorn) to the electrostatic potential at the ion with
radius RBorn. The free energy obtained from the transfer of an
ion from vacuum to a medium is ¦GBorn = ¹166Q2(1 ¹ 1/¾r)/
RBorn.

The induced solvent dielectric polarization effect signifi-
cantly affects in numerous applications, such as computing
electric interactions between charged particles in dielectric
material, magnetic field, and charging hydration free energy of
solute. Therefore, several methods including molecular dy-
namics (MD) simulations,17,18 Monte Carlo simulations,19­21

integral equations,22­26 and continuum dielectric methods9,11,27

were developed to compute the induced solvent dielectric
polarization effect. Gauss’s law of Maxwell’s equations is the
conventional way to compute the induced solvent dielectric
polarization P, which is then used to calculate the electric field
contributed from polarized solvents or the charging hydration
free energy.10 One of the advantages of Gauss’s law of
Maxwell’s equations is that it provides analytical solutions for
special cases and that it provides a physical sense to understand
factors affecting the induced solvent dielectric polarization P
and thus the charging hydration free energy.1,2 The induced
solvent dielectric polarization P, defined as the average dipole
moment over a microscopic region for a period of time, has a
large peak in the near solute region and oscillates with decay
depending on the distance to the solute observed in MD
simulations. Gauss’s law of Maxwell’s equation, PMaxwell,
cannot obtain such an oscillation (Figure 1).28 Although the
structural solvent can be observed in MD simulations,28­30 they
cannot provide a physical sense of the structural solvent. The
near-solute P contributes a significant electric effect to the
solute. Therefore, the description of PMaxwell in Gauss’s law of
Maxwell’s equations, fails to capture the oscillating decay and
cannot estimate the electric effect on nearby solutes. Although
Gauss’s law of Maxwell’s equations can treat electric inter-
actions between macroscopic objects, it is not suitable for
molecular solutes with nanometer dimensions. An equation,
which could reproduce oscillating decay characteristics and an
analytical solution for spherical solutes, could examine why the
oscillating decay of P depends on the distance to the solute and
what factors affect the oscillating decay of P.

The present paper decomposes the solvent dielectric polar-
ization P(r) into microscopic solvent densities µ(r) (the number
of solvent molecules per unit volume over a time period in a
microscopic region), and into electric dipole moments p(r) (the
electric dipole moment of the solvent molecules averaged over
a time period in a microscopic region). An approximate
equation is derived for a spherical solute using p(r), because
p(r) is the key factor in generating the distance solute
oscillation decay of P(r)28 (Figure 2). Furthermore, an approx-
imate analytical solution of p(r) is proposed and verified using
MD simulations.

Theory

Qualitative Basis for the Oscillation of P. Considering
only solvent molecules in the region between R ¹ Rc and
R + Rc, Coulomb’s law can be used to evaluate the electric
field acting on solvent molecules at R due to other solvent
molecules (Figure 1). Rmax and Rmin denote the first peak

position and the first valley position of the solvent dielectric
polarization P (Figure 1). Few solvent molecules exist in the
region within Rmax of the solute, thus the electric field Esolvent

caused by solvent molecules in the region “Rmax ¹ Rc to
Rmax + Rc” cannot offset the electric field Esolute caused by the
solute. However, the electric field Esolvent almost offsets the
electric field Esolute, because the solvent dielectric polarization
P in the region “Rmin ¹ Rc to Rmin + Rc” is larger than P in the
bulk solvent region. Consequently, the net electric field Enet is
far greater at Rmax than at Rmin, which attracts more solvent
molecules to the annular region at Rmax. This enhances the
solvent density µ, the electric dipole moment p, and thus the
solvent dielectric polarization P at Rmax relative to Rmin.

Introduction of Equations Reproducing the Near-Solute
Oscillation of the Induced Solvent Dielectric Polarization P.
Solute molecules immersed in solvent media exclude and
polarize surrounding solvent molecules and perturb the
surrounding solute solvent density µ and electric dipole
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Figure 1. Comparison of P(r) from MD simulations and
Gauss’s law ofMaxwell’s equations. The P(r) as a function
of distance r from a charged solute atom with the charge
state Q = 1e was computed from MD simulations (black
curve)28,31 and macroscopic Gauss’s law of Maxwell’s
equations (gray curve). The P(r) from MD simulation
decays in an oscillatory manner away from the solute (top
panel). The solvent dielectric polarization at a distance r
from the solute depends on the net electric field Enet(r)
acting on the solvent molecule at r, which can be
decomposed into contributions from the solute Esolute(r)
and the other solvent molecules Esolvent(r). Only those
solvent molecules in the annular region between r ¹ Rc

and r + Rc contribute to Esolvent(r), while the other solvent
molecules do not contribute to Esolvent(r) on the basis of
Gauss’s law (bottom panel).
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moment p. Previous studies computed the solvent density µ(r)
and electric dipole moment p(r) from a given solute charge Q,
the solute/solvent size, intermediated by the force F(r), and the
electric field E(r) on the solvent molecule.28,31 The following
introduces equations calculating the distance solute oscillation
of the induced electric dipole moment p(r).

To describe the distance solute oscillation of P, P(r) is
decomposed into g(r), the solvent molecular density distribu-
tion (defined as the ratio between the solvent density µ and the
bulk solvent density Nbulk), Nbulk, the bulk solvent density, and
p(r), the electric dipole moment, i.e.,

PðrÞ ¼ NbulkgðrÞpðrÞ ð1Þ
For a perfect dipole moment at the center of the van der

Waals (vdW) sphere, the electric dipole moment p(r) in eq 1 is
approximately proportional to the electric field E(r)

pðrÞ ¼ ¾0£molEðrÞ ð2Þ
where ¾0 is the permittivity of vacuum and £mol is the solvent
molecular polarizability.2,28

The electric field E(r) of a solvent molecule at r can be
computed from a solute with a charge distribution µsolute(r¤) and
from other solvent molecules with the induced solvent dielec-
tric polarization P(r, r¤) perturbed by the solvent molecule at r.

EðrÞ ¼ �
Z
½µsoluteðr0Þ � r0 � Pðr; r0Þ�rð1=4³¾0jr� r0jÞd3r0

ð3Þ
where P(r, r¤) is the solvent dielectric polarization at r¤, when
one of the solvent molecules is at r.

The continuum-type approximation simplifies the estimation
of P(r, r¤). The solvent molecule at r perturbing other solvent
molecules is treated as a spherical cavity with a radius RW.
Within the region occupied by the solvent molecule at r with
radius RW, P(r, r¤) is approximately zero and is

Pðr; r0Þ ¼ Pðr0Þuðjr� r0j � RWÞ ð4Þ
Where u(«r ¹ r¤« ¹ RW) is the Heaviside unit step function.
Derivation of Equation Pg

s ðrÞ for the Spherical Solute.
Although the simultaneous equations can find a numerical
solution for P(r), p(r), and g(r),28 an analytical solution may
explore the oscillating decay (affected by the distance to the
solute) characteristic of p(r) in a physical sense (Figure 2).28,31

For a solute composed of n atoms, it is difficult to find an
analytical solution of P(r) and p(r), because an analytical
solution of PMaxwell(r) cannot be found. Hence, a spherical
charged solute with a charged state Q is assumed here due to
the spherical symmetry of P(r) and p(r). The electric field E(r)
generated from the induced solvent dielectric polarization P(r¤)
outside the region r¤ < (r ¹ RW) and r¤ > (r + RW) is zero in
eq 3 due to Coulomb’s law.1,2 Only P(r¤) in the region (r ¹ RW)
and (r + RW) and the solute charge Q contribute to the electric
field E(r) of the solvent molecule at r, where RW is the radius
occupied by the solvent molecule. Hence, the electric field E(r)
along a radial direction is32

EðrÞ ¼ Q

4³¾0r2
� 1

4¾0RWr2

Z rþRW

r�RW

Pðr0Þðr2 þ r02 � RW
2Þdr0

ð5Þ
Using eq 2, p(r) replaces E(r) and g(r¤) and p(r¤) replace

P(r¤) using eq 1. Thus, the relationship between p(r), g(r¤) and
Q becomes

pðrÞ ¼ £molQ

4³r2
� »g

e

4RWr2

Z rþRW

r�RW

gðr0Þpðr0Þðr2 þ r02 � RW
2Þdr0

ð6Þ
where »g

e ≡ Nbulk£mol. Based on Gauss’s law of Maxwell’s
equations, p(r) should be proportional to 1/r2 in the far solute
region. Therefore, Pg

s ðrÞ is

Pg
s ðrÞ �

4³r2PðrÞ
gðrÞ ¼ 4³r2NbulkpðrÞ ð7Þ

After Pg
s ðrÞ in eq 7 replaces p(r) in eq 6, eq 6 changes to

Pg
s ðrÞ þ

»g
e

4RW

Z rþRW

r�RW

gðr0ÞPg
s ðr0Þ 1þ r2 � RW

2

r02

� �
dr0 ¼ »g

eQ

ð8Þ
Equation 8 describes the relationship between Pg

s ðrÞ and the
solute charge Q and contains the unknown variable g(r). The
simplest way to mimic characteristics of g(r) is to use a
continuum-type approximation assuming a Heaviside unit step
function ¹u(r ¹ Rsolute), where g(r) is zero in the solute
occupied region and a bulk solvent outside the solute occupied
region. To be more specific, g(r) = 0 if r < Rsolute and g(r) = 1
if r > Rsolute, where Rsolute is the radius of the cavity excluding
solvent molecules. Then eq 8 becomes

Pg
s ðrÞ þ

»g
e

4RW

Z rþRW

MaxðRsolute;r�RWÞ
Pg
s ðr0Þ 1þ r2 � RW

2

r02

� �
dr0

¼ »g
eQ ð9Þ

where Max(Rsolute, r ¹ RW) is the maximum value of Rsolute or
(r ¹ RW). Pg

s ðrÞ can be calculated using a given solute charge Q
and the size of the solute RW in eq 9. To capture oscillating
decay characteristics of Pg

s ðrÞ, eq 9 is simplified assuming
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Figure 2. Comparison of Pg
s ðrÞ from eq 10 and MD

simulations. Pg
s ðrÞ as a function of distance r from charged

solute atom was computed from eq 10 with numerical
strategy (black curve) and MD simulations (gray
curve).28,31 In eq 10, the solute charge state Q = 1e, the
solute molecular radius Rsolute = 2.3¡, the solvent molec-
ular radius RW = 1.7¡, and the solvent molecular electric
susceptibility »g

e = 4.4.
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r¤ µ r and RW ¹ r. Then the relation between Pg
s ðrÞ and Q can

be approximated as

Pg
s ðrÞ þ

»g
e

2RW

Z rþRW

MaxðRsolute;r�RWÞ
Pg
s ðr0Þdr0 ¼ »g

eQ (10a)

Equation 10a is the integral form of Pg
s ðrÞ, which can be

converted into the differential form

dPg
s ðrÞ
dr

¼

� »g
e

2RW

½Pg
s ðr þ RWÞ � Pg

s ðr � RWÞ�
r � Rsolute þ RW

� »g
e

2RW

Pg
s ðr þ RWÞ

Rsolute < r < Rsolute þ RW

8>>>>>><
>>>>>>:

(10b)

Derivation of the Approximate Analytical Solution of
Pg
s ðrÞ for the Spherical Solute. To obtain an approximate

analytical solution of Pg
s ðrÞ, characteristics of Pg

s ðrÞ in eq 10
were analyzed.

The Solution of Pg
s ðrÞ in eq 10 Oscillates: In the region

r > Rsolute + RW, dPg
s ðr0Þ=dr > 0 at the position r = r0. If

dPg
s ðrÞ=dr > 0 in the region (r0 ¹ RW) ¯ r ¯ (r0 + RW), then

Pg
s ðr0 þ RWÞ should be greater than Pg

s ðr0 � RWÞ. By incor-
porating the inequality Pg

s ðr0 þ RWÞ > Pg
s ðr0 � RWÞ into the

right side of eq 10b, dPg
s ðr0Þ=dr should be smaller than zero.

However, this would violate the assumption that dPg
s ðrÞ=dr > 0

in the region (r0 ¹ RW) ¯ r ¯ (r0 + RW). Hence, dPg
s ðr0Þ=dr

cannot always be greater than zero in the region (r0 ¹
RW) ¯ r ¯ (r0 + RW). This may indicate that dPg

s ðr1Þ=dr < 0
at a position r1 in the region (r0 ¹ RW) ¯ r1 ¯ (r0 + RW). Thus,
(dPg

s ðr0Þ=dr � dPg
s ðr1Þ=dr) < 0 can be found at the two

positions r0 and r1 in the region (r ¹ RW) and (r + RW). The
sign of the slope dPg

s ðrÞ=dr changes in the region (r ¹ RW) and
(r + RW) for r > (Rsolute + RW). The mean curve of Pg

s ðrÞ
should oscillate with a period less than or equal to 2RW

according to the distance to the solute.
Dependence of the Amplitude and Period of Pg

s ðrÞ on the
Solute Charge Q and the Solvent Molecular Radius RW:
Replacing the solute charge Q by cQ, where c is a constant,
can reveal the relationship between the amplitude of Pg

s ðrÞ and
the solute charge Q. If Pg

s ðrÞ was the solution of eq 10a with
the solute charge state Q, and P0g

s ðrÞ was the solution of
eq 10a with the solute charge state cQ, then P0g

s ðrÞ þ
»g
e=ð2RWÞ R rþRW

MaxðRsolute ;r�RWÞ P
0g
s ðr0Þdr0 ¼ »g

ecQ. The solution
for P0g

s ðrÞ is estimated as P 0g
s ðrÞ ¼ cPg

s ðrÞ. Replacing the
estimated solution leads to cPg

s ðrÞ þ c»g
e=

ð2RWÞ R rþRW

MaxðRsolute;r�RWÞ P
g
s ðr0Þdr0 ¼ »g

ecQ. Dividing the above
equation by the constant c on both sides, reveals that
P0g

s ðrÞ ¼ cPg
s ðrÞ is the solution when the solute charge is cQ.

This demonstrates that the solution of P0g
s ðrÞ in eq 10 is

proportional to the solute charge Q.
Replacing the cavity radius occupied by the solvent

molecule RW with cRW, where c is a constant, can examine
the relationship between Pg

s ðrÞ and the solvent molecular
radius RW. If Pg

s ðrÞ was the solution of eq 10a with the cavity
radius occupied by the solvent molecule RW, and if P0g

s ðrÞ
was the solution of eq 10a with the cavity radius occupied
by the solvent molecule cRW, then P0g

s ðrÞ þ
»g
e=ð2cRWÞ R rþcRW

r�cRW
P0g

s ðr0Þdr0 ¼ »g
ecQ. Setting r¤¤ = r¤/c,

changes the above equation P 0g
s ðrÞ þ »g

e=

ð2RWÞ R r=cþRW

r=c�RW
P 0g

s ðr00Þdr00 ¼ »g
eQ. The solution for P0g

s ðrÞ is
Pg
s ðr=cÞ, implying that the oscillation period of Pg

s ðrÞ in eq 10
is proportional to the cavity radius occupied by the solvent
molecule RW.

Analytical Solution in the Region r ² (Rsolute + RW): The
solution for Pg

s ðrÞ in eq 10 can consist of a particular solution
yp and a homogeneous solution yh as Pg

s ðrÞ = yp(r) + yh(r). For
a particular solution, yp(r) is estimated as a constant. Then yp(r)
have to satisfy the following condition:

ypðrÞ þ
»g
e

2RW

Z rþRW

r�RW

ypðr0Þdr0 ¼ »g
eQ r � Rsolute þ RW ð11Þ

Thus, yp(r) = »g
eQ/(1 + »g

e).
A homogeneous solution yh(r) should satisfy the differential

equation

dyhðrÞ
dr

¼ � »g
e

2RW

½yhðr þ RWÞ � yhðr � RWÞ�

r � Rsolute þ RW ð12Þ
The solution for yh(r) should oscillate. Hence, the homoge-

neous solution yh(r) is an oscillation decay function

yhðrÞ ¼ Ce�Aðr�Rsolute�RWÞ cosðBðr � Rsolute � RWÞÞ
r � Rsolute þ RW ð13Þ

The coefficients A, B, and C are constants. A is greater
than zero because the oscillation peak Pg

s ðrÞ observed in
MD simulations decays according to the distance to the
solute. B is assumed greater than zero because the cosine
function is an even function. Due to the above analysis, B
should be inversely proportional to the solvent molecular
radius RW and C should be proportional to the solute charge
state Q. Inserting the solution for yh(r) from eq 13 into
eq 12, can compute the coefficients A and B (see
Appendix I).

A ¼ � »g
e

RW

sinhðARWÞ cosðBRWÞ

B ¼ � »g
e

RW

coshðARWÞ sinðBRWÞ

8>><
>>: (14a)

Furthermore, if A¤ = ARW and B¤ = BRW, then eq 14a could
be rewritten as

A0 ¼ �»g
e sinhA

0 cosB0

B0 ¼ �»g
e coshA

0 sinB0

�
(14b)

Given the solvent molecular electric susceptibility »g
e, eq 14b

can solve A¤ and B¤, which in turn can be used to compute the
coefficients A and B.

Hence, the proposed analytical solution is

Pg
s ðrÞ ¼

»g
eQ

1þ »g
e

þ Ce�Aðr�Rsolute�RW Þ cosðBðr � Rsolute � RWÞÞ

r � Rsolute þ RW ð15Þ
The Analytical Solution in the Region Rsolute < r ¯

Rsolute + RW: In this region, dPg
s ðrÞ=dr satisfies the conditions

in eq 10b. After inserting the solution for Pg
s ðrÞ from eq 15 into

the right side of eq 10b, the integration of Pg
s ðrÞ over r (see

Appendix II) can solve Pg
s ðrÞ in the region Rsolute < r ¯

Rsolute + RW as follows:
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Pg
s ðrÞ ¼

»g
eQ

1þ »g
e

þ C

þ C
»g
e

2RW

e�ARW

A2 þ B2
½B sinðBRWÞ � A cosðBRWÞ�

� »g
e

2RW

»g
eQ

1þ »g
e

ðr � Rsolute � RWÞ

� C
»g
e

2RW

e�Aðr�RsoluteÞ

A2 þ B2
½B sinðBðr � RsoluteÞÞ

� A cosðBðr � RsoluteÞÞ� (16a)

Equation 16a can be simplified with an approximate
strategy. If (A2 + B2) were far greater than 1.0 (Figure 3), then

the 1/(A2 + B2) component in eq 16a could be neglected. Thus,
Pg
s ðrÞ in eq 16a can be simplified as

Pg
s ðrÞ �

»g
eQ

1þ »g
e

þ C� »g
e

2RW

»g
eQ

1þ »g
e

ðr � Rsolute � RWÞ

Rsolute < r � Rsolute þ RW (16b)

Determination of the Coefficient C in eqs 15 and 16b:
When r = Rsolute, eq 10a can be written as Pg

s ðRsoluteÞ þ
»g
e=ð2RWÞ RRsoluteþRW

Rsolute
Pg
s ðr0Þdr0 ¼ »g

eQ. Inserting eq 16b into
the above equation can determine the coefficient C (see
Appendix III) as C ¼ �ð»g

eÞ3Q=½4ð1þ »g
eÞð2þ »g

eÞ�. Hence,
replacing C in eqs 15 and 16b yields

Pg
s ðrÞ ¼

»g
eQ

1þ »g
e

1� ð»g
eÞ2

4ð2þ »g
eÞ
e�Aðr�Rsolute�RWÞ cosðBðr � Rsolute � RWÞÞ

� �
r � Rsolute þ RW

»g
eQ

1þ »g
e

1� ð»g
eÞ2

4ð2þ »g
eÞ

� »g
e

2RW

ðr � Rsolute � RWÞ
� �

Rsolute < r � Rsolute þ RW

8>>><
>>>:

ð17Þ

The Oscillation Period of Pg
s ðrÞ: The oscillation period

of Pg
s ðrÞ can be calculated differentiating Pg

s ðrÞ in the
region r ² (Rsolute + RW), and finding the position r =
Rsolute + RW + [³ ¹ tan¹1(A/B)]/B, where dPg

s ðrÞ=dr = 0 (see
Appendix IV). Therefore, the period of Pg

s ðrÞ in the region
r ² (Rsolute + RW) is 2³/B.

Calculations

The Numerical Strategy Used to Estimate the Solution
for Pg

s ðrÞ from eq 10. Given the cavity radius occupied by
the solvent molecule RW, the solvent molecular electric
susceptibility »g

e, the solute charge state Q, and the solute
molecular radius Rsolute, an iterative numerical strategy can
calculate Pg

s ðrÞ. An adequate initial value of Pg
s ð0; rÞ, the value

of Pg
s ðrÞ in the 0th step, can converge the result more quickly.

Applying Gauss’s law of Maxwell’s equations can estimate the
initial value of Pg

s ð0; rÞ. In the region r < Rsolute, Pg
s ð0; rÞ is zero

due to the absence of solvent molecules in the solute occupied
region. In the region r > Rsolute, Pg

s ð0; rÞ = »g
eQ/(1 + »g

e).
To understand whether Pg

s ð0; rÞ should increase or decrease
in the region r ² Rsolute, the judgment function J(r) is defined
as, JðrÞ ¼ Pg

s ðrÞ þ »g
e=ð2RWÞ R rþRW

MaxðRsolute;r�RWÞ P
g
s ðr0Þdr0 � »g

eQ.
Given the values of »g

e , RW, Q, and Rsolute, the judgment
function J(r) is calculated for each point in the region
Rsolute ¯ r ¯ 20¡ step 0.01¡, by inserting Pg

s ðrÞ into the right
side of the above equation. If r = r0, and J(r0) < 0, then
Pg
s ðr0Þ = Pg

s ðr0Þ + ¦, otherwise Pg
s ðr0Þ = Pg

s ðr0Þ ¹ ¦. The in-
creasing number ¦ is 0.0001. The iterations continue until all
the points in the region Rsolute ¯ r0 ¯ 20¡ result in an absolute
value of J(r) < 0.01.

The Numerical Strategy to Solve the Coefficients A¤ and
B¤ in eq 14b. To solve Pg

s ðrÞ from eq 17, A and B, which are
dependent on the parameters »g

e and RW, have to be known in
the region r ² (Rsolute + RW). Both A and B can be computed
from A¤ and B¤, and A¤ and B¤ can be computed from »g

e using
eq 14b. Thus, a given »g

e can provide a solution for A¤ and B¤.
To judge whether the estimated sets (A¤,B¤) satisfy eq 14b,

the judgment functions J1(A¤,B¤) and J2(A¤,B¤) were defined as
J1 ¼ A0 þ »g

e sinhA
0 cosB0 and J2 ¼ B0 þ »g

e coshA
0 sinB0,

respectively. A¤ and B¤ were 0.01 between zero and ten steps.
Using a given parameter »g

e, various values of (A¤,B¤) were
inserting into the above equation and J1(A¤,B¤) and J2(A¤,B¤)
were calculated. Then (J12 + J22)1/2 was computed for various
values of (A¤,B¤), and the minimum value of (J12 + J22)1/2 was
picked to examine the proximity to zero.

Results and Discussion

The Oscillation Source of Pg
s ðrÞ. The physical meaning of

eq 10a can be considered as Pg
s ðrÞ at position r plus the

averaged Pg
s ðrÞ over a region multiplied by a constant »g

e .
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Figure 3. Dependence of the coefficients A¤ and B¤ on the
»g
e . The numerical solutions of (a) A¤ and (b) B¤ in eq 14

depend on the solvent molecular electric susceptibility »g
e.
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Pg
s ðrÞ þ »g

ehPg
s ðr0Þi ¼ »g

eQ (18a)

hPg
s ðr0Þi ¼

1

2RW

Z rþRW

MaxðRsolute;r�RWÞ
Pg
s ðr0Þdr0 ¼ »g

eQ (18b)

The hPg
s ðrÞi is the average Pg

s ðrÞ over a period of 2RW.
With Pg

s ðr < RsoluteÞ = 0, the solution of Pg
s ðrÞ should

oscillate in the region r ² Rsolute. In far solute regions,
Pg
s ðr ! 1Þ may approach a constant. The integral region of

eq 18b encompasses (r ¹ RW) to (r + RW), and the range of
integration is 2RW. Equation 18 yields an amplitude of
Pg
s ðr ! 1Þ = »g

eQ/(1 + »g
e). The integral region at the

position r = Rsolute of eq 18b encompasses Rsolute to (Rsolute +
RW) due to Pg

s ðr < RsoluteÞ = 0. The integration range is RW. To
satisfy eq 18, the amplitude of Pg

s ðrÞ should be larger than
Pg
s ðr ! 1Þ near the Rsolute region. However, the integral

region of eq 18b at the position r = (Rsolute + RW) encompasses
Rsolute to (Rsolute + 2RW), and the integration range increases to
2RW. To satisfy eq 18, the amplitude of Pg

s ðrÞ has to be less
than that of Pg

s ðr ! 1Þ near the (Rsolute + RW) region. Hence,
the oscillation source of Pg

s comes from the solute excluding
solvent molecules leading to Pg

s ðr < RsoluteÞ = 0, and the
solvent molecule at r excluding other solvent molecules
leading to eq 18.

Comparison of Pg
s ðrÞ Solved Using eq 10 and Pg

s ðrÞ
Computed Using MD Simulations. To understand the
performance of eq 10, the solution was verified using a
numerical strategy and compared with the solution from MD
simulations. The numerical solution from eq 10 oscillates
according to the distance to the solute, with a solute molecular
radius Rsolute = 2.3¡, the solvent molecular radius RW = 1.7¡,
and a solvent molecular electric susceptibility »g

e = 4.4, and
the oscillation amplitude decays as far away from the solute as
observed in MD simulations (Figure 2).

The Amplitude of the First Peak of Pg
s ðrÞ from eq 10 Is

Larger than from MD Simulations (Figure 2): The first
peak of g(r) is approximately five times higher than the bulk
solvent observed in MD simulations,28 but g(r) is 1.0 when
deriving eq 10. Hence, the induced solvent dielectric polar-
ization from eq 10 cannot generate an electric field Esolvent

larger than the electric field from the solute Esolute (Figure 1).
The net electric field Enet from eq 5 is larger than the electric
field from MD simulations. Consequently, p(r), which is
proportional to Enet (eq 2), is larger than the p(r) from MD
simulations and p(r) has to be larger to generate enough Esolvent

to overcome Esolute.
The First Valley of Pg

s ðrÞ at r = 4¡ from eq 10 Is Not as
Smooth as from MD Simulations (Figure 2): The equation
used to calculate the slope of Pg

s ðrÞ is different in the
region r < (Rsolute + RW) and r ² (Rsolute + RW). The cavity
radius occupied by solvent molecule is RW = 1.7¡, and the
cavity radius occupied by solute molecule is Rsolute = 2.3¡
(Figure 2). Hence, the discontinuous point of differentiation
appears at r = Rsolute + RW = 4.0¡.

The Cavity Radius Occupied by Solvent Molecules RW

May Be 1.7¡: Several approaches defined the solvent
molecular radius, such as that based on a pair distribution
function of water oxygen­oxygen, where the position of the
first peak is at 2.8¡.33 Hence, the solvent molecular radius is
RW = 1.4¡, and the cavity radius excluding other solvent

molecules is RW = 2.8¡. Another approach is based on TIP3P
force fields,34 where the vdW radius of the TIP3P oxygen atom
is Rmin/2 = 1.7682¡. In the present paper, the parameter B¤ in
eq 14b is approximately 4.49 when »g

e = 4.4 (Figure 3). The
period of Pg

s ðrÞ observed in MD simulations (Figure 2) is
approximately 2.4¡. The period of Pg

s ðrÞ equals 2³RW/B¤ (see
“the oscillation period of Pg

s ðrÞ” paragraph in the theory
section). Therefore, the solvent molecular radius is RW = 1.7¡.

Dependence of the Amplitude and Period of Pg
s ðrÞ from

eq 10 on the Solute Charge Q and Solvent Molecular
Radius RW. The numerical solution Pg

s ðrÞ of the integral
eq 10 oscillates with decay (Figure 2). The theory section
anticipated the amplitude of Pg

s ðrÞ to be proportional to the
solute charge Q, which was verified using a numerical solution
of eq 10 with various solute charge states Q. Assuming a
solvent molecular radius RW = 2¡, solvent molecular electric
susceptibility »g

e = 4 and a change from 1e to 4e step 1e in the
solute Q results in a Pg

s ðrÞ proportional to the solute charge Q
(Figure 4a).

The theory section also anticipated the period of Pg
s ðrÞ to be

proportional to the solvent molecular radius RW. The numerical
solution of eq 10 with various solvent molecular radii RW

verified this. When the solute charge Q = 1e, the solvent
molecular electric susceptibility »g

e = 4 and the solvent mo-
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Figure 4. Dependence of the amplitude and period of Pg
s ðrÞ

from eq 10 on Q and RW, respectively. Pg
s ðrÞ as a function

of distance r from charged solute atom was computed from
eq 10 with numerical strategy with (a) RW = 2¡, »g

e = 4,
the solute Q as 1e (solid black), 2e (dashed black),
3e (solid gray), and 4e (dashed gray), respectively.
(b) Q = 1e, »g

e = 4, the solvent molecular radius RW as 1
(dashed gray), 2 (solid black), 3 (solid gray), and 4¡
(dashed black), respectively.
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lecular radius RW changed from 1 to 4¡ step 1¡, then the
oscillation period was proportional to the solvent molecular
radius RW (Figure 4b).

Dependence of Pg
s ðrÞ from eq 10 on »g

e . The dependence
of Pg

s ðrÞ from eq 10 on the solvent molecular electric suscepti-
bility »g

e was explored using a numerical strategy. Pg
s ðrÞ

oscillation decays according to the distance to the solute
when the solvent molecular electric susceptibility »g

e ¯ 4.5
(Figure 5a), but the peak of the amplitude of Pg

s ðrÞ increases
with the distance to the solute when the solvent molecular
electric susceptibility »g

e ² 4.9 (Figure 5b). Although the
amplitudes of the oscillation peak and valley depend on the
solvent molecular electric susceptibility »g

e, the positions of the
oscillation peak and valley are independent of the solvent
molecular electric susceptibility »g

e.
When the solvent molecular electric susceptibility »g

e = 1 or
2, the amplitude of the oscillation peak is not large and the
oscillation peak disappears quickly. When the solvent molecu-
lar electric susceptibility »g

e approaches 4.7­4.8, the oscillation
peak decays slowly (Figure 5a). For »g

e ² 4.9, the oscillation
peak increases (Figure 5b). With more numerical iterations for
solving Pg

s ðrÞ in eq 10, the amplitude of Pg
s ðrÞ increases and the

convergent curve of Pg
s ðrÞ cannot be found (Figure 5b).

When »g
e ¯ 4.5, the oscillation peak increases and its rate

accelerates as the solvent molecular electric susceptibility »g
e

increases (Figure 5a). If »g
e appeared only in the right side of

eq 10 as the solute charge Q, the amplitude of Pg
s ðrÞ would be

proportional to »g
e , because the amplitude of Pg

s ðrÞ is propor-
tional to the solute charge Q. However, the solvent molecular
electric susceptibility »g

e also appears in the second term of
eq 10. Thus, the rate of the oscillation amplitude increases
when the solvent molecular electric susceptibility »g

e increases
and the oscillation amplitude increases according to the
distance to the solute when »g

e > 4.9.
Dependence of the Coefficients A and B on RW and »g

e .
The coefficients A and B depend on the solvent molecular
radius RW and solvent molecular electric susceptibility »g

e, and
are required for computing Pg

s ðrÞ in eq 17. The coefficients A
and B can be calculated from A¤ and B¤ based on the relation
A¤ = ARW and B¤ = BRW. The coefficients A¤ and B¤ depend on
the solvent molecular electric susceptibility »g

e and a numerical
strategy using various values of »g

e can solve A¤ and B¤. When
»g
e increases from 0.54 to 4.5, the coefficient A¤ decreases from

2.93 to 0.04 (Figure 3a), while the coefficient B¤ increases from
4.09 to 4.49 (Figure 3b). For »g

e ¯ 0.54 or »g
e ² 4.6, a

numerical solution for A¤ and B¤ cannot be found.
The Performance of the Approximate Analytical Solu-

tion for Pg
s ðrÞ from eq 17. To derive an analytical solution of

eq 17 from eq 10, an approximate strategy was applied. To
examine the performance of the derived analytical solution for
Pg
s ðrÞ, Pg

s ðrÞ from eq 17 was compared with the numerical
solution from eq 10 using various solute charge states Q,
solvent molecular radii RW and solvent molecular electric
susceptibility »g

e. The results demonstrated that the curve of the
proposed approximate analytical solution from eq 17 is similar
to the numerical solution in eq 10 (Figure 6).

An inconsistency occurs in the region r ¯ Rsolute + RW, where
the linear approximation in eq 17 differs from the curve derived
from the numerical solution of eq 10 (Figure 6). Equation 16a
yields a more accurate analytical solution for Pg

s ðrÞ in the region
r ¯ Rsolute + RW. To simplify the analytical solution describing
Pg
s ðrÞ in the region r ¯ Rsolute + RW, eq 16b uses a linear curve

to replace the curve in eq 16a. Hence, the analytical solution of
eq 17 in the region r ¯ Rsolute + RW is linear, which is slightly
different from the numerical solution of eq 10.

Comparison of the Equations Describing Oscillation
Decay and Harmonic Damping. The numerical solution
for Pg

s ðrÞ from eq 10 oscillates with decay according to the
distance to solute, and is consistent with the proposed
analytical solution for Pg

s ðrÞ in eq 17. The format of the
proposed analytical solution in eq 17 oscillates with an
exponential decay similar to the format of the solution from
a harmonic damping system, such as a spring system or RLC
(R: resistor, L: inductor, C: capacitor) electric circuits. How-
ever, the format of eq 10 differs from harmonic damping
(Table 1).

For example, the spring system may consider a particle with
mass m attached to a spring. The force from the spring will
push back to the equilibrium state as ¹kx following Hooke’s
law.35 The force from the spring equals the mass times
acceleration ma or m∂2x/∂2t. The friction force is proportional
to the velocity, f∂x/∂t. The equation of the spring system is
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Figure 5. Dependence of the amplitude and period of Pg
s ðrÞ

from eq 10 on »g
e . P

g
s ðrÞ as a function of distance r from

charged solute atom was computed from eq 10 with
numerical strategy with (a) RW = 2¡, Q = (1 + »g

e )/»
g
e ,

the solvent molecular electric susceptibility »g
e = 1 (solid

gray), »g
e = 2 (solid black), »g

e = 3 (dashed gray), »g
e = 4

(dashed black), and »g
e = 4.5 (dot black). (b) »g

e = 4.9, the
step numbers of computing are 50000 (dashed gray),
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m
d2x

d2t
þ f

dx

dt
þ kx ¼ 0 ð19Þ

Assuming that the solution of eq 19 is harmonic damping,
then

xðtÞ ¼ xð0Þe�at cosðbtÞ ð20Þ
where x(0) is the initial position of the particle with mass m.
The damping factor a and the oscillation frequency b depend
on the mass m, the friction coefficient f, and the spring constant
k (Appendix V). Thus,

a ¼ f=ð2mÞ
b ¼ ðf2 � 4mafþ 4mkÞ1=2=ð2mÞ � ffiffiffiffiffiffiffiffi

k=m
p

�
ð21Þ

The solution format of harmonic damping (eq 20) from
eq 19 is similar to the distance-dependent oscillating decay
solution (eq 15) from eq 10. In most cases, the oscillation
solution comes from the second-order differential equation as
in eq 19, because a second-order differential of the sin or
cosine function will return to a sin or cosine function. In
contrast, eq 10a is a first-order integral equation. A mass-spring
system generates oscillation, because the initial position of the
particle in the spring system is not in the equilibrium position.
The spring force repeats a pattern of pulling particles back and
then over the equilibrium position. The near-solute solvent
polarization oscillates, because Pg

s ðrÞ = 0 in the region
r < Rsolute and because Pg

s ðrÞ has to satisfy the condition,
Pg
s ðrÞ þ »g

ehPg
s ðrÞi = constant (eq 18a). The damping phenom-

enon of eq 19 derives from the friction coefficient. The
amplitude peak of Pg

s ðrÞ decays due to the solvent molecular
electric susceptibility »g

e.

Conclusion

An approximate equation describing Pg
s ðrÞ is derived for

spherical solutes. The numerical solution of eq 10 is similar to
the solution from MD simulations and can reproduce oscillating
decay characteristics of Pg

s ðrÞ. Pg
s ðrÞ oscillates near the solute

region, because Pg
s ðrÞ is zero in the solute occupied region, and

the condition for Pg
s ðrÞ þ »g

ehPg
s ðrÞi being a constant is

satisfied. The solvent molecular electric susceptibility »g
e

determines the peak amplitude of the oscillation of Pg
s ðrÞ and

the decay rate of the oscillation peak of Pg
s ðrÞ according to the

distance to the solute. If »g
e is greater than 4.9, the amplitude of

the oscillation peak of Pg
s ðrÞ may increase in mathematical

solutions. Furthermore, the size of solvent molecules deter-
mines the oscillation period of Pg

s ðrÞ, and the amplitude of

Table 1. Comparison of the Equations Where Oscillation Damping Solutions Can Be Generated

Equation derived in this project Harmonic damping

Equation Pg
s ðrÞ þ

»g
e

2RW

Z rþRW

MaxðRsolute ;r�RWÞ
Pg
s ðr0Þdr0 ¼ »g

eQ (eq 10a) m
d2x

d2t
þ f

dx

dt
þ kx ¼ 0 (eq 19)

Boundary/initial
condition

Pg
s ðrÞ = 0 for r < Rsolute x = x(0)

Solution Pg
s ðrÞ ¼

»g
eQ

1þ »g
e

þ Ce�Aðr�Rsolute�RWÞ cosðBðr � Rsolute � RWÞÞ (eq 15) x(t) = x(0)e¹at cos(bt) (eq 20)

Damping/oscillation
factors

�
ARW ¼ �»g

e sinhARW cosBRW

BRW ¼ �»g
e cosARW sinBRW (eq 14)

�
a ¼ f=ð2mÞ
b �

ffiffiffiffiffiffiffiffi
k=m

p
(eq 21)
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Figure 6. Comparison of Pg
s ðrÞ computed from eqs 17 and

10. Pg
s ðrÞ as a function of distance r from charged solute

atom was computed from eq 17 (black curve) and eq 10
with numerical strategy (gray curve) respectively. The
curves of Pg

s ðrÞ related to r are plotted with the set of (Q,
RW, »g

e) parameters which are (a) (Q = 1e, RW = 2¡, and
»g
e = 4), (b) (Q = 2e, RW = 2¡, and »g

e = 1), and (c)
(Q = 1e, RW = 1¡, and »g

e = 4).
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Pg
s ðrÞ is proportional to the charged state of the solute. The

approximate analytical solution of Pg
s ðrÞ is based on the

analyzed results and agrees well with the numerical solution of
Pg
s ðrÞ. The oscillation decay solution is similar to the harmonic

damping solution, but has a different equation format.

Appendix

Derivation of eq 14a. In the region r ² (Rsolute + RW),
yh(r) should satisfy the derived differential equation as
follows:

dyhðrÞ
dr

¼ � »g
e

2RW

½yhðr þ RWÞ � yhðr � RWÞ� r � Rsolute þ RW (12)

The proposed homogeneous solution yh is described as follows:

yhðrÞ ¼ Ce�Aðr�Rsolute�RWÞ cosðBðr � Rsolute � RWÞÞ x � Rsolute þ RW (13)

By substituting yh(r) in eq 13 into yh(r) in eq 12, dyh(r)/dr, yh(r + RW) and yh(r ¹ RW) in the region r ² (Rsolute + RW) can then
be computed as follows, respectively:

dyhðrÞ
dr

¼ �Ce�Aðr�Rsolute�RWÞ A cosðBðr � Rsolute � RWÞÞ
þ B sinðBðr � Rsolute � RWÞÞ

� �

¼ �Ce�Aðr�Rsolute�RWÞ

A cosðBRWÞ cosðBðr � RsoluteÞÞ
þ A sinðBRWÞ sinðBðr � RsoluteÞÞ
þ B cosðBRWÞ sinðBðr � RsoluteÞÞ
� B sinðBRWÞ cosðBðr � RsoluteÞÞ

2
6664

3
7775 (I.1)

yhðr þ RWÞ ¼ Ce�Aðr�RsoluteÞ cosðBðr � RsoluteÞÞ (I.2)

yhðr � RWÞ ¼ Ce�Aðr�Rsolute�2RWÞ cosðBðr � Rsolute � 2RWÞÞ

¼ Ce�Aðr�Rsolute�2RWÞ cosð2BRWÞ cosðBðr � RsoluteÞÞ
þ sinð2BRWÞ sinðBðr � RsoluteÞÞ

� �
(I.3)

It follows by substituting eqs I.1, I.2, and I.3 into eq 12 that

�Ce�Aðr�Rsolute�RWÞ

A cosðBRWÞ cosðBðr � RsoluteÞÞ
þ A sinðBRWÞ sinðBðr � RsoluteÞÞ
þ B cosðBRWÞ sinðBðr � RsoluteÞÞ
� B sinðBRWÞ cosðBðr � RsoluteÞÞ

2
6664

3
7775

¼ � »g
e

2RW

Ce�Aðr�RsoluteÞ cosðBðr � RsoluteÞÞ

� Ce�Aðr�Rsolute�2RWÞ cosð2BRWÞ cosðBðr � RsoluteÞÞ
þ sinð2BRWÞ sinðBðr � RsoluteÞÞ

� �
8><
>:

9>=
>; (I.4)

After decomposing eq I.4 based on the function containing cos(B(r ¹ Rsolute)) and sin(B(r ¹ Rsolute)) components, eq I.4 can be
written as follows:

�Ce�Aðr�Rsolute�RWÞ A cosðBRWÞ cosðBðr � RsoluteÞÞ
� B sinðBRWÞ cosðBðr � RsoluteÞÞ

� �

¼ � »g
e

2RW

Ce�Aðr�RsoluteÞ cosðBðr � RsoluteÞÞ
�Ce�Aðr�Rsolute�2RWÞ½cosð2BRWÞ cosðBðr � RsoluteÞÞ�

( )
(I.5a)

�Ce�Aðr�Rsolute�RWÞ A sinðBRWÞ sinðBðr � RsoluteÞÞ
þ B cosðBRWÞ sinðBðr � RsoluteÞÞ

� �

¼ � »g
e

2RW

f�Ce�Aðr�Rsolute�2RWÞ½sinð2BRWÞ sinðBðr � RsoluteÞÞ�g (I.5b)

Equation I.5 can be organized as follows:

A cosðBRWÞ � B sinðBRWÞ ¼ »g
e

2RW

½e�ARW � eARW cosð2BRWÞ�

A sinðBRWÞ þ B cosðBRWÞ ¼ � »g
e

RW

sinð2BRWÞ

8>><
>>: (I.6)

Equation I.6 can written in the matrix format:

cosðBRWÞ � sinðBRWÞ
sinðBRWÞ cosðBRWÞ

� �
A

B

� �
¼ »g

e

2RW

e�ARW � eARW cosð2BRWÞ
�eARW sinð2BRWÞ

� �
(I.7)
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The constants A and B can be found as follows:

A

B

� �
¼ »g

e

2RW

cosðBRWÞ � sinðBRWÞ
sinðBRWÞ cosðBRWÞ

� ��1
e�ARW � eARW cosð2BRWÞ

�eARW sinð2BRWÞ

� �

¼ »g
e

2RW

cosðBRWÞ sinðBRWÞ
� sinðBRWÞ cosðBRWÞ

� �
e�ARW � eARW cosð2BRWÞ

�eARW sinð2BRWÞ

� �

¼ »g
e

2RW

e�ARW cosðBRWÞ � eARW cosðBRWÞ cosð2BRWÞ � eARW sinðBRWÞ sinð2BRWÞ
�e�ARW sinðBRWÞ þ eARW sinðBRWÞ cosð2BRWÞ � eARW cosðBRWÞ sinð2BRWÞ

� �
(I.8)

It follows by substituting cos 2BRW = 2 cos2BRW ¹ 1 and sin 2BRW = 2 sinBRWcosBRW into eq I.8 that

A

B

� �
¼ »g

e

2RW

e�ARW cosðBRWÞ � eARW cosðBRWÞð2 cos2ðBRWÞ � 1Þ � 2eARW sin2ðBRWÞ cosðBRWÞ
�e�ARW sinðBRWÞ þ eARW sinðBRWÞð2 cos2ðBRWÞ � 1Þ � 2eARW sinðBRWÞ cos2ðBRWÞ

" #

¼ »g
e

2RW

e�ARW cosðBRWÞ � 2eARW cos3ðBRWÞ þ eARW cosðBRWÞ � 2eARW sin2ðBRWÞ cosðBRWÞ
�e�ARW sinðBRWÞ þ 2eARW sinðBRWÞ cos2ðBRWÞ � eARW sinðBRWÞ � 2eARW sinðBRWÞ cos2ðBRWÞ

" #

¼ »g
e

2RW

e�ARW cosðBRWÞ � eARW cosðBRWÞ
�e�ARW sinðBRWÞ � eARW sinðBRWÞ

� �
(I.9)

The solutions for A and B can be organized as follows:

A ¼ � »g
e

RW

sinhðARWÞ cosðBRWÞ

B ¼ � »g
e

RW

coshðARWÞ sinðBRWÞ

8>><
>>: (I.10)

Derivation of eq 16a. In the region r ¯ Rsolute + RW, Pg
s ðrÞ

satisfies the condition in eq 10b.

dPg
s ðrÞ
dr

¼ � »g
e

2RW

Pg
s ðr þ RWÞ (10b)

From eq 10b, dPg
s ðrÞ=dr in the region Rsolute < r ¯

Rsolute + RW is dependent on Pg
s ðrÞ in the region Rsolute +

RW < r ¯ Rsolute + 2RW.
In the region r ² (Rsolute + RW), the solution for Pg

s ðrÞ is
proposed in eq 15:

Pg
s ðrÞ ¼

»g
eQ

1þ »g
e

þ Ce�Aðr�Rsolute�RWÞ cosðBðr � Rsolute � RWÞÞ

r � Rsolute þ RW (15)

By substituting Pg
s ðrÞ in eq 15 into the right side of eq 10b,

dPg
s ðrÞ=dr in the region Rsolute < r ¯ Rsolute + RW can be

written as

dPg
s ðrÞ
dr

¼ � »g
e

2RW

»g
eQ

1þ »g
e

þ Ce�Aðr�RsoluteÞcosðBðr � RsoluteÞÞ
� �

(II.1)

It follows with the formulas from the integral table thatZ
e�Ax cosðBxÞdx ¼ e�Ax

A2 þ B2
½B sinðBxÞ � A cosðBxÞ� (II.2)

Also, Pg
s ðrÞ can be evaluated by integration of dPg

s ðrÞ=dr
over r, i.e.,

Pg
s ðrÞ ¼ � »g

e

2RW

»g
eQ

1þ »g
e

r

� C
»g
e

2RW

e�Aðr�RsoluteÞ

A2 þ B2
½B sinðBðr � RsoluteÞÞ

� A cosðBðr � RsoluteÞÞ� þD (II.3)

where D is a constant.
To keep continuity at the point r = Rsolute + RW, replace r by

Rsolute + RW in eq 15 as follows:

Pg
s ðRsolute þ RWÞ ¼ »g

eQ

1þ »g
e

þ C (II.4)

Also replace r by Rsolute + RW in eq II.3 as follows:

Pg
s ðRsolute þ RWÞ ¼ � »g

e

2RW

»g
eQ

1þ »g
e

ðRsolute þ RWÞ

� C
»g
e

2RW

e�ARW

A2 þ B2
½B sinðBRWÞ

� A cosðBRWÞ� þD (II.5)
The coefficient D in eq II.3 can be evaluated by equivalent

eqs II.4 and II.5 as follows:

D ¼ »g
eQ

1þ »g
e

þ Cþ »g
e

2RW

»g
eQ

1þ »g
e

ðRsolute þ RWÞ

þ C
»g
e

2RW

e�ARW

A2 þ B2
½B sinðBRWÞ � A cosðBRWÞ� (II.6)

Substituting the coefficient D into eq II.3, then the solution
Pg
s ðrÞ in the region Rsolute < r ¯ Rsolute + RW can be written as

follows:

Pg
s ðrÞ ¼ � »g

e

2RW

»g
eQ

1þ »g
e

r

� C
»g
e

2RW

e�Aðr�RsoluteÞ

A2 þ B2
½B sinðBðr � RsoluteÞÞ

� A cosðBðr � RsoluteÞÞ�
þ »g

eQ

1þ »g
e

þ Cþ »g
e

2RW

»g
eQ

1þ »g
e

ðRsolute þ RWÞ

þ C
»g
e

2RW

e�ARW

A2 þ B2
½B sinðBRWÞ � A cosðBRWÞ� (II.7)

Equation II.7 can then be reorganized as follows:

Pg
s ðrÞ ¼

»g
eQ

1þ »g
e

þ C

þ C
»g
e

2RW

e�ARW

A2 þ B2
½B sinðBRWÞ � A cosðBRWÞ�
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� »g
e

2RW

»g
eQ

1þ »g
e

ðr � Rsolute � RWÞ

� C
»g
e

2RW

e�Aðr�RsoluteÞ

A2 þ B2
½B sinðBðr � RsoluteÞÞ

� A cosðBðr � RsoluteÞÞ� (II.8)

Determine the Coefficient C in eqs 15 and 16b. The
solution of Pg

s ðrÞ in the region Rsolute < r ¯ Rsolute + RW is
approximated as

Pg
s ðrÞ �

»g
eQ

1þ »g
e

þ C� »g
e

2RW

»g
eQ

1þ »g
e

ðr � Rsolute � RWÞ

(16b)

When r = Rsolute, eq 16b can be written as below:

Pg
s ðRsoluteÞ �

»g
eQ

1þ »g
e

þ Cþ »g
e

2

»g
eQ

1þ »g
e

(III.1)

The relation between Pg
s ðrÞ and solute charge Q can be

approximated as

Pg
s ðrÞ þ

»g
e

2RW

Z rþRW

MaxðRsolute;r�RWÞ
Pg
s ðr0Þdr0 ¼ »g

eQ (10a)

When r = Rsolute, eq 10a can be written as below:

Pg
s ðRsoluteÞ þ

»g
e

2RW

Z RsoluteþRW

Rsolute

Pg
s ðr0Þdr0 ¼ »g

eQ (III.2)

The second term of eq III.2 can be obtained by integrating
Pg
s ðrÞ over r; i.e.,

Z RsoluteþRW

Rsolute

Pg
s ðr0Þdr0 ¼

Z RsoluteþRW

Rsolute

»g
eQ

1þ »g
e

þ C� »g
e

2RW

»g
eQ

1þ »g
e

ðr0 � Rsolute � RWÞ
� �

dr0

¼ RW

»g
eQ

1þ »g
e

þ C� »g
e

2RW

»g
eQ

1þ »g
e

ð�Rsolute � RWÞ
� �

� »g
e

2RW

»g
eQ

1þ »g
e

ðRsolute þ RWÞ2 � Rsolute
2

2

¼ RW
»g
eQ

1þ »g
e

þ Cþ »g
e

2RW

»g
eQ

1þ »g
e

ðRsolute þ RWÞ
� �

� »g
e

2RW

»g
eQ

1þ »g
e

2RsoluteRW þ RW
2

2

¼ RW»g
eQ

1þ »g
e

þ CRW þ »g
e

2

»g
eQRsolute

1þ »g
e

þ »g
e

2

»g
eQRW

1þ »g
e

� »g
e

2

»g
eQRsolute

1þ »g
e

� »g
e

2

»g
eQ

1þ »g
e

RW

2

¼ RW»g
eQ

1þ »g
e

þ CRW þ »g
e

4

»g
eQRW

1þ »g
e

(III.3)

It follows by substituting eqs III.1 and III.3 into eq III.2 that

»g
eQ

1þ »g
e

þ Cþ »g
e

2

»g
eQ

1þ »g
e

� �
þ »g

e

2RW

RW»g
eQ

1þ »g
e

þ CRW þ »g
e

4

»g
eQRW

1þ »g
e

� �
¼ »g

eQ

»g
eQ

1þ »g
e

þ Cþ »g
e

2

»g
eQ

1þ »g
e

þ »g
e

2

»g
eQ

1þ »g
e

þ »g
e

2
Cþ »g

e

2

»g
e

4

»g
eQ

1þ »g
e

¼ »g
eQ

Cþ »g
e

2
C ¼ »g

eQ� »g
eQ

1þ »g
e

� »g
e

»g
eQ

1þ »g
e

� »g
e

2

»g
e

4

»g
eQ

1þ »g
e

1þ »g
e

2

� �
C ¼ � ð»g

eÞ2
8

»g
eQ

1þ »g
e

ð2þ »g
eÞ

2
C ¼ � ð»g

eÞ2
8

»g
eQ

1þ »g
e

C ¼ � ð»g
eÞ2
4

»g
eQ

ð1þ »g
eÞð2þ »g

eÞ
(III.4)

Derivation the Period of Oscillation Pg
s ðrÞ in eq 17. From eq 17, Pg

s ðrÞ in the region r ² (Rsolute + RW) is

Pg
s ðrÞ ¼

»g
eQ

1þ »g
e

� ð»g
eÞ2
4

»g
eQ

ð1þ »g
eÞð2þ »g

eÞ
e�Aðr�Rsolute�RWÞ cosðBðr � Rsolute � RWÞÞ (17)

The differential of Pg
s ðrÞ over r is

dPg
s ðrÞ
dr

¼ ð»g
eÞ2
4

»eQ

ð1þ »g
eÞð2þ »g

eÞ
Ae�Aðr�Rsolute�RWÞ cosðBðr � Rsolute � RWÞÞ
þ Be�Aðr�Rsolute�RWÞ sinðBðr � Rsolute � RWÞÞ

" #
(IV.1)

To satisfy the condition dPg
s ðrÞ=dr = 0, the following condition can be obtained.
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A cosðBðr � Rsolute � RWÞÞ þ B sinðBðr � Rsolute � RWÞÞ ¼ 0

(IV.2)
And then,

tanðBðr � Rsolute � RWÞÞ ¼ � A

B
(IV.3)

r ¼ Rsolute þ RW þ 1

B
³� tan�1 A

B

� �� �
(IV.4)

Hence, the period of Pg
s ðrÞ in the region r ² (Rsolute + RW) is

2³/B.
Derivation of eq 21. Take the spring system as an

example. Consider a particle with mass m attached to a spring.
The force from the spring will push back to the equilibrium
state following Hooke’s law as ¹kx. The force from the spring
equals the mass times the acceleration ma, or m∂2x/∂2t. And the
friction force is proportional to the velocity, f∂x/∂t. The
equation of the spring system can be written as

m
d2x

d2t
þ f

dx

dt
þ kx ¼ 0 (19)

Assume the solution of eq 19 is harmonic damping, i.e.,

xðtÞ ¼ xð0Þe�at cosðbtÞ (20)

The first-order differential equation of x(t) is

dx

dt
¼ �ae�at cosðbtÞ � be�at sinðbtÞ (V.1)

The second-order differential equation of x(t) is

d2x

d2t
¼ ða2 � b2Þe�at cosðbtÞ þ 2abe�at sinðbtÞ (V.2)

Substituting eqs 20, V.1, and V.2 into eq 19, we obtain
that

mða2 � b2Þe�at cosðbtÞ þ 2mabe�at sinðbtÞ
� afe�at cosðbtÞ � bfe�at sinðbtÞ þ ke�at cosðbtÞ ¼ 0 (V.3)

The coefficients of sin(bt) and cos(bt) terms in eq V.3 should
be zero, respectively.

mða2 � b2Þ � afþ k ¼ 0

2mab� bf ¼ 0

�
(V.4)

It follows from eq V.4 that

a ¼ f=2m (V.5)

and then

b ¼ f2 � 4mafþ 4mk

4m2

� �1=2
�

ffiffiffiffi
k

m

r
(V.6)
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